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A laminar flowmeter that estimates the unsteady
flowrate in a pipe using a Kalman filter is proposed.
The laminar flowmeter has 32 narrow pipes. Kalman
filtering is applied to one of the narrow pipes to es-
timate its flowrate. Three pressure sensors are con-
nected to the narrow pipe. Upstream and downstream
pressure signals are applied to a model of pipeline dy-
namics. The midpoint pressure is calculated and com-
pared with the measured value. The error signal is fed
back to the model. According to the principle of the
Kalman filter, the estimated flowrate converges to the
real flowrate. The Kalman-filtering estimation is con-
ducted in a real-time computing system. In this study,
the steady flowrate in a pipe is estimated and cali-
brated with measured data. The proposed Kalman-
filtering-based laminar flowmeter demonstrates very
promising performance.

Keywords: flowrate, measurement, incompressible fluid
flow, laminar flowmeter, Kalman filter

1. Introduction

In recent years, hybrid excavators have gained attention
in research field. Hybrid systems use an accumulator, bat-
tery, or super-capacitor for storing energy and recycling
the stored energy for other drives [1–7]. The fluid power
transmitted by a pipe is determined using pressure and
flowrate. In a hybrid system, pressure can be easily de-
tected using a commercial pressure sensor. In contrast, a
flowrate sensor is not suitable for practical use, especially
for unsteady flowrate measurement. However, the fluid
power in a pipe can be detected using a flowrate sensor.
This enables a more sophisticated control to store and re-
cycle energy in hybrid systems.

The measurement of unsteady flowrate has been an im-
portant research topic. Most commercial flowmeters are
suitable for the measurement of steady flowrate in a pipe.
A few turbine-type and gear-type flowmeters can mea-
sure unsteady flowrate under limited conditions. There is
a pressure drop across these flowmeters to some degree.
Thus, an indirect measurement of unsteady flowrate using
pipeline dynamics has been investigated to avoid pressure

loss. A pipeline wave propagation model was used for
the measurement of unsteady flowrate [8]. Zhao proposed
a real-time measurement technique using a transfer func-
tion corresponding to pipeline dynamics [9].

The Kalman filter has been employed for flowrate
measurement [10–17]. During the measurement of the
flowrate in a pipe, the flowrate signal contains sensor
noise. The Kalman filter theory has an advantage that the
sum of squares of the estimation error is minimized un-
der the assumption of linearity of the state equation of the
target plant [18].

Previous studies have proposed estimation techniques
for the flowrate in a pipe using a Kalman filter [19–
24]. The Kalman filter uses the pipeline-dynamics model,
which is an optimized finite-element model of pipeline
dynamics [25]. Three pressure sensors are connected to
a target pipe. Upstream and downstream pressure signals
are applied to the pipeline-dynamics model, and the mid-
point pressure is calculated by the model. The estimated
midpoint pressure is compared with the measured value.
The error signal is fed back to the pipeline-dynamics
model so that the pressure and flowrate are estimated by
the pipeline-dynamics model. According to the Kalman
filter theory, the sum of squares of the estimation error is
minimized under the assumption of linearity of pipeline
dynamics of the target pipe.

Previous studies assumed a laminar flow condition in
the target pipe [19–24]. This paper proposes a Kalman-
filter-based laminar flowmeter that covers not only the
laminar flow region but also the transient and turbulent
flow regions. Several narrow pipes are bundled to build
the laminar flowmeter. One of the narrow pipes is the tar-
get of flowrate measurement with the Kalman-filter. The
measured data are presented herein.

The rest of this paper is organized as follows. In Sec-
tion 2, the main symbols are defined. The Kalman fil-
ter theory is briefly introduced in Section 3. The laminar
flowmeter is described in Section 4. The measured data
are presented in Section 5. The results of this study are
summarized in Section 6.
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2. Nomenclature

A cross-sectional area of the pipe
AAAp system matrix of the pipeline model
AAApd discrete-time system matrix
AAAp0 system matrix
BBB coefficient matrix
BBBp input vector
BBBpd discrete-time input vector

c wave propagation speed
cccp output vector for midpoint pressure
ccc f output vector for flowrate
EEE coefficient matrix
FFF coefficient matrix
g Kalman filter gain
k index number of sampling

L1 distance between pressure sensors
L2 distance between pressure sensors
N the number of pressure variable
PPP a solution of the algebraic Riccati equation
p pressure
ppp pressure vector

pdown downstream pressure
p f pressure loss per unit length of pipe

pmid midpoint pressure
p̂mid estimated midpoint pressure
pup upstream pressure
ppp f pressure loss vector
ppp input vector
Q flow rate in the main pipe
q flow rate in the narrow pipe

qdown flow rate at downstream
qup flow rate at upstream
qqq flow rate vector
R inner radius of the narrow pipe

Re Reynolds number
t time
u dummy variable
vvv system noise vector

W weighting function
w measurement noise
x distance along the pipe
xxx state variable vector of the plant
x̂xx posteriori estimate

x̂xx− priori estimate
z−1 delay operator
ρ density of the fluid
ν kinematic viscosity of the fluid

σσσ v covariance vector of the system noise
σw covariance of the measurement noise

3. Kalman Filter System for Flowrate
Estimation

3.1. Model of Pipeline Dynamics

The Kalman filter algorithm uses time-domain signals
containing noise and calculates the estimated signals of

Fig. 1. Circular and uniform pipeline.

Fig. 2. Interlacing grid system.

unknown variables. The estimation is periodically up-
dated using a model of plant dynamics and the measure-
ments of the plant. As a model of the plant dynamics, a
model of pipeline dynamics is used in the Kalman filter
for flowrate estimation.

A previous study proposed an optimized finite-element
model of pipeline dynamics [25] in the form of a state-
space equation. The coefficient matrices of the state-space
representation are used in the Kalman filter algorithm.
The model is described briefly in this section.

The optimized finite-element model of pipeline dynam-
ics is based on the equation of motion (Eq. (1)) and conti-
nuity equation (Eq. (2)) of a one-dimensional incompress-
ible fluid flow in a circular and uniform pipe shown in
Fig. 1.

∂ q
∂ t

+
A
ρ

∂ p
∂ x

+ p f (q) = 0, . . . . . . . . (1)

∂ p
∂ t

+
ρc2

A
∂ q
∂ x

= 0. . . . . . . . . . . (2)

The interlacing grid system shown in Fig. 2 is applied,
and thus, the finite-element approximation of the equation
of motion and continuity equation yields:

dqqq
dt

+
A
ρ

BBBppp+
A
ρ

FFF p̄pp+ ppp f (qqq) = 000, . . . . . (3)

d ppp
dt

+
ρc2

A
EEEqqq = 000. . . . . . . . . . . . (4)

The vectors qqq and ppp represent the flowrate and pressure
variables at each grid point, respectively.

qqq = [qup,q1, . . . ,qN−1,qdown]
T , . . . . . . (5)

ppp = [p1, p2, . . . , pN]T . . . . . . . . . . . (6)

The term ppp represents the input vector of the pressure at
both ends of the pipe.

ppp = [pup, pdown]
T . . . . . . . . . . . . (7)

The above equations are combined, and thus, the finite-
element model is represented as

dxxx
dt

= AAAp0xxx+BBBp ppp−
[

ppp f

000

]
, . . . . . . . . (8)

where the state variable vector is given by

xxx =
[
qqqT, pppT]T

, . . . . . . . . . . . . . (9)
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and the coefficient matrices are given by

AAAp0 =

⎡
⎢⎢⎣

000 −A
ρ

BBB

−ρc2

A
EEE 000

⎤
⎥⎥⎦ , . . . . . . . (10)

BBBp =

⎡
⎣−A

ρ
FFF

000

⎤
⎦ . . . . . . . . . . . . (11)

A previous study proposed the minimization of the er-
ror of the un-damped natural angular frequencies of a
model with respect to the theoretical ones by tuning the
grid spacing [25].

Steady laminar friction is represented as

p f (q) =
8ν
R2 q. . . . . . . . . . . . . (12)

Frequency-dependent laminar friction can be used as fol-
lows [26]:

p f (q) =
8ν
R2 q+

4ν
R2

∫ t

0
W (t −u)

∂ q
∂ t

(u)du. . (13)

The intermediate variables for representing the weight-
ing function of the frequency-dependent friction are intro-
duced [27], and thus, the representation of the optimized
finite-element model becomes

dxxx
dt

= AAApxxx+BBBp ppp. . . . . . . . . . . . (14)

The input vector ppp includes the upstream and downstream
pressures of the measurement section of the target pipe.
The estimated pressure variable at the midpoint is ob-
tained from the state variable vector as follows:

p̂mid = [ 000, 0 · · ·1 · · ·0 ]
[

qqq
ppp

]
= cccpxxx. . . . . (15)

The vector cccp is an output vector as shown in Eq. (15).
The estimated midpoint pressure p̂mid is one of the vari-
ables of the pressure vector ppp. The output vector cccp has
the element “1” in the column corresponding to the mid-
point pressure p̂mid of the pressure vector ppp.

3.2. Kalman Filter System
The optimized finite-element model is transformed into

a discrete-time representation with system noise and sen-
sor noise as follows:

xxx(k +1) = AAApdxxx(k)+BBBpd ppp(k)+BBBpdvvv(k), . (16)
p̂mid(k) = cccpxxx(k)+w(k). . . . . . . . . (17)

The system parameters AAApd and BBBpd are obtained from
the discretization of the coefficient matrices AAAp and BBBp of
the optimized finite-element model of pipeline dynamics.
The coefficient matrices AAAp and BBBp are the results of the
finite-element approximation of the equation of motion,
Eq. (1), and continuity equation, Eq. (2). The detailed
description of the finite-element approximation is avail-
able elsewhere [25]. The identification of the coefficient
matrices requires the following physical parameters: the

Fig. 3. Kalman filter for flowrate estimation.

cross-sectional area of the narrow pipe A, wave speed c,
liquid density ρ , and kinematic viscosity of the fluid ν .

The Kalman filter algorithm is performed via two-step
estimation. The a priori estimate x̂xx−(k) and a posteriori
estimate x̂xx(k) are expressed as

x̂xx−(k) = AAApdx̂xx(k−1)+BBBpd ppp(k−1), . . . (18)

x̂xx (k) = x̂xx−(k)+g(k)
(

pmid − cccpx̂xx(k)
)
. . . . (19)

The gain g is the Kalman filter gain. A steady-state
Kalman filter uses a constant gain g as follows:

g =
PPPcccT

p

cccpPPPcccT
p +σ2

w
. . . . . . . . . . . (20)

The matrix PPP is obtained by solving the following alge-
braic Riccati equation as

PPP = AAApd

[
PPP− PPPccccccTPPP

cccpPPPcccT
p +σ2

w

]
AAAT

pd +σσσ2
vBBBpdBBBT

pd . (21)

The covariances of measurement noise and system
noise, that is, σ2

w and σσσ2
v , respectively, are expressed as

σ2
w = E

(
w2) =

(
1×104)2

, . . . . . . . (22)

σσσ2
v = E

(
vvvvvvT)

=
(
1×104)2

I2×2, . . . . . (23)

where E( ) represents the expected value of the variable.
The covariances were determined from the pressure sen-
sor noise whose amplitude was 0.01 MPa (= 1×104 Pa).

A block diagram of the Kalman filter is shown in
Fig. 3. The upstream pressure pup and downstream pres-
sure pdown are measured and applied to the model of
pipeline dynamics. The distance between the upstream
and the midpoint pressure sensor and that between the
midpoint and the downstream pressure sensor are repre-
sented by L1 and L2, respectively. The midpoint pres-
sure p̂mid is estimated and compared with the measured
pressure pmid. The error signal is multiplied by the gain g
and fed back to the model. Under the assumption of lin-
earity of the state equation, it is theoretically shown that
the optimum filter is the Kalman filter in the sense that the
sum of squares of the estimation error is minimized [18].
The estimated flowrate in the target narrow pipe q̂mid is
obtained by multiplying x̂xx(k) by the output vector ccc f .
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Fig. 4. Laminar flowmeter proposed in this paper.

Fig. 5. Layout of the narrow pipes.

4. Laminar Flowmeter

The proposed laminar flowmeter is shown in Fig. 4.
The cross section is presented in Fig. 5, which illustrates
the layout of the narrow pipes of the laminar flowme-
ter. The main flow Q is divided among 32 narrow pipes.
Each narrow pipe has an inner diameter of 1 mm and an
outer diameter of 2 mm. Tap water is used as the working
fluid. The laminar flowmeter is made of a stainless-steel
pipe. Three pressure sensors are connected to one of the
narrow pipes as shown in Fig. 4. The pressure sensors
are AP-12S (Keyence) whose rated pressure is 100 kPa.
The amplifier unit is AP-V80 (Keyence). The resolution
is 0.1 kPa and the hysteresis is 0.5% of FS. The mea-
sured pressure signals are input to the Kalman filter to es-
timate the flowrate q in the target narrow pipe. The main
flowrate Q is estimated from the relationship between the
main flowrate and the flowrate of the narrow pipe.

5. Experimental Calibration

The experimental setup is shown in Fig. 6. Tap water is
supplied to the laminar flowmeter. The flowrate of the tap
water is adjusted with a water tap. For a precise calibra-
tion of the laminar flowmeter, a tank and load cell are set
in the downstream to measure the main flowrate Q using

Fig. 6. Experimental setup.

the “catch-and-weigh” technique.
Three pressure signals, pup, pmid, and pdown, are ap-

plied to the Kalman filter system through an analog-to-
digital (AD) converter. The distances between the pres-
sure sensors, L1 and L2, are 470 mm and 330 mm, respec-
tively. These lengths are the same as those used in the
“secondary source method” [28–30] to avoid a half-wave
length condition.

It is assumed that the tap water has a kinematic viscos-
ity of 1× 10−6 m2/s (1 cSt) and density of 1000 kg/m3.
Thus, when the flowrate of 5× 10−5 m3/s (3 L/min) is
uniformly divided among the 32 narrow pipes having an
inner diameter of 1 mm, the Reynolds number of each nar-
row pipe is 1990 and the pressure drop across each narrow
pipe having a length of L1 +L2 is 51 kPa.

The Kalman filter system is built using
MATLAB/Simulink. The block diagram is com-
piled and downloaded to a real-time computing system
(sBOX II, TI, OMAP-L137 EVM, 372 MHz, 32 bit,
floating point). The estimated flowrate and pressure sig-
nals are monitored by the host computer. The sampling
period of the Kalman filter is 1 ms. The model of pipeline
dynamics for the Kalman filter, that is, the optimized
finite-element model has the number of elements N of 5
considering the frequency-dependent laminar friction
model [31–33].

The main purpose of the experiments is the calibration
of the proposed laminar flowmeter under a steady-state
flow condition. A steady-state water flow was supplied to
the laminar flowmeter by opening the water tap at a cer-
tain position. The flowrate was estimated by the Kalman
filter system. The flowrate in the main pipe was mea-
sured using the “catch-and-weigh” technique for calibra-
tion. The measured flowrate data are plotted in Fig. 7.
The horizontal axis is the flowrate q of the narrow pipe
estimated by the Kalman filter system. The vertical axis
is the main flowrate Q. When the estimated flowrate in the
narrow pipe q is less than 0.18×10−5 m3/s, the Reynolds
number is less than 2300, indicating a laminar flow re-
gion. A main flow less than 3.5 × 10−5 m3/s represents
a laminar flow. In the laminar flow region of the narrow
pipe, the main flowrate Q is represented by a linear func-
tion of the estimated flowrate q as follows:

Q = 30.0q. . . . . . . . . . . . . . . (24)
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q 

Q
 

Q =  q

Fig. 7. Estimated flow rate in the narrow pipe q and the
measured flow rate Q in the main pipe.

Based on this linear function, the main flowrate Q can
be measured from the estimated flowrate q of the narrow
pipe.

As shown in Fig. 7, within the laminar flow region of
the narrow pipe, the flowrate q shows a linear relationship
with the main flowrate Q. However, the coefficient 30 of
Eq. (24) does not match the number of narrow pipes, 32.
The reason is that the narrow pipe whose pressure is mea-
sured, that is, the bottom one, is located slightly away
from the other narrow pipes as shown in Fig. 5. The
pressure sensors are connected to the bottom narrow pipe.
A small manifold block is used to connect the narrow pipe
with the pressure sensor. Because of the manifold block,
the target narrow pipe should be located away from the
other narrow pipes. Due to the layout, the main flow is
not uniformly divided among the 32 narrow pipes. A uni-
form layout is required for matching the coefficient with
the number of narrow pipes.

A main flowrate Q less than 3.5 × 10−5 m3/s indicates
a laminar flow. When the main flowrate is 6 × 10−5 m3/s,
the Reynolds number of the main flow is 4000. This flow
region is the transient region from laminar to turbulent
flow. The laminar flow region in the narrow pipe covers
not only the laminar flow region but also a part of the tran-
sient flow region of the main flow. The laminar flowmeter
can estimate the main flowrate from the laminar to tran-
sient flow region.

6. Conclusions

A new laminar flowmeter was proposed and calibrated
through experiments. The flowrate estimation using a
Kalman filter algorithm was applied to a narrow pipe of
the laminar flowmeter. The main flowrate was estimated
through the relationship between flowrate of the narrow
pipe and the main flowrate. The relationship covers not
only the laminar flow region but also the transient flow re-
gion of the main flow. The coefficient of the relationship

does not coincide with the number of narrow pipes. The
relationship is obtained via experiments. It is necessary to
explain the relationship from a theoretical point of view.

In the future, the proposed laminar flowmeter can be
used to study unsteady flow measurement. The unsteady
flow generated by using a solenoid valve will be measured
using the laminar flowmeter.
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