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The contribution of biarticular muscles to the control
of robotic arms and legs has recently attracted great
interest in the field of robotics. The advantages of us-
ing biarticular muscles under kinetic interaction with
the external environment have been well studied; how-
ever, the contribution of the muscles to the motion con-
trol of articulated robot arms under no kinetic interac-
tion appears to remain an unclear issue, especially for
robot arms of which the muscles are directly anchored
to their links, which induces a change in the moment
arms to allow the muscles to generate joint torques
and permit point-to-point motion control to their de-
sired postures in a feedforward manner with constant
muscular forces. This paper presents a case study in
which the role of biarticular muscles in the motion
control of an articulated robot arm was investigated,
focusing on the feature of its redundancy actuation,
which allows an arbitrary choice from infinite combi-
nations of muscular forces, realizing motion control to
a desired posture. The numerical analysis in this pa-
per addresses three typical combination choices. Map-
pings from muscular forces to desired postures are cal-
culated in the analysis of the three choices. The sim-
ulation results of motion control executed according
to the three mappings are also analyzed. The analysis
indicates the interesting results that biarticular mus-
cles do not contribute to the desired postures and that
a very weak dependence property of monoarticular
muscles on the desired postures exists for a particular
choice. The simulation results also demonstrate that
the implementation of one choice results in a degraded
motion control performance as compared with that of
the two other choices.

Keywords: robot arm, redundant actuation, biarticular
muscle, point-to-point control, binocular visual space

1. Introduction

Robot arms and legs that reflect the musculoskeletal
structure of human limbs in their mechanical designs have
recently received considerable attention in the field of
robotics, with the expectation that their features will al-
low the implementation of advanced control techniques
to improve their motion performance. In their mechani-
cal design, special attention is sometimes paid to the ex-
istence of biarticular muscles, such as the biceps brachii
and triceps brachii muscles in the case of a human arm,
which are anchored to both adjacent joints and actuate
these joints simultaneously.

A previous study showed that an advantageous effect
of biarticular muscles is obtained by coupling the knee
and ankle joints of a robotic leg by a wire representing
a biarticular muscle (a gastrocnemius) with appropriate
timing [1]. The advantage of coupling the two joints by
a biarticular muscle to facilitate the jumping performance
of a robotic leg was also shown experimentally [2]. Addi-
tional studies addressed the control problems related to
robotic legs, including the impact upon landing on the
ground [3, 4]. This impact transmits a very high frequency
mechanical oscillation to the legs, and its wide frequency
bandwidth renders sensory feedback control difficult, be-
cause the signal bandwidth of the feedback is in general
limited. To overcome the control difficulty, motion con-
trol of the legs at impact by controlling their stiffness el-
lipsoids at their endtip was proposed; the biarticular mus-
cles played a key role in these proposed methods.

Motion control of robot arms by biarticular muscles
was also addressed in many studies. A study examining
the hybrid position/force control of a 2-degrees of free-
dom (DOFs) planar robot arm obtained the result that the
direction of the interaction force between an object and
the endtip of the robot arm can be kept constant irrespec-
tive of the changes in the posture of the robot arm [5]. It is
interesting that this result suggests that explicit control to
determine the direction of the interaction force is unnec-
essary, and the effort necessary for controlling the robot
arm can be reduced by using biarticular muscles. A study
also exists that was focused on the actuation redundancy
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provided by the addition of biarticular muscles. The re-
dundancy means that the control inputs to the muscles for
actuation of the robot arm cannot be uniquely determined;
this is considered a disadvantageous aspect of the redun-
dancy. However, this aspect also allows the robot arm to
accept different control input combinations for the same
desired posture, according to the requirements for the con-
trol, such as actuator output limits [6–8].

A major model of the robot arm with biarticular mus-
cles is the pulley model [6, 7, 9, 10]. In this model, the
joints in the robot arm have pulleys and tendons connected
(or anchored) to the pulleys, and the actuation of the joints
is executed by pulling the tendons with muscle type ac-
tuators. In contrast, some authors have focused on the
non-pulley model [11], which has no pulleys on the joints.
In this model, tendons actuated by muscle type actuators
are directly anchored to the links of the robot arm. An
interesting feature of this model is that the point-to-point
(PTP) motion control of the robot arm to a desired posture
can be realized by the “balance” of the muscular forces, if
the muscular arrangement of the robot arm satisfies a sta-
bility condition for motion control [11]. This means that
no spring element is required for creating an equilibrium
point in the posture of the robot arm, as implemented in
the robot arm with pulley model, and only application of
the muscular forces is required to achieve posture control
of the robot arm. The muscular forces can be kept con-
stant; therefore, feedforward PTP control to a desired pos-
ture is also possible. In addition, a recent study demon-
strated that feedforward control contributes to suppress-
ing the unstable behavior of the robot arm, even when the
sensory feedback used for the control includes a time de-
lay [12].

The motivation of the studies mentioned above was the
hope or expectation that a performance improvement in
robot arm or leg control can be achieved by incorporating
biarticular muscles (or equivalent linear actuation units or
linkages) in robots. This is also true for robots that inter-
act with an external environment, such as robot legs jump-
ing under interaction with a floor or robot arms pushing an
object in an external environment with their endtips. The
incorporation of biarticular muscles in robot arms or legs
improves motion performance, overcomes control diffi-
culties, and reduces the effort necessary for control [13].
However, the intrinsic contribution of biarticular muscles
in the case of motion control where no physical interac-
tion is involved remains unclear, especially as pertains to
the non-pulley model of a robot arm.

Biarticular muscles are expected to contribute to mo-
tion control, even in the case of motion control without
physical interaction; however, actuation of an antagonis-
tically actuated robot arm is also possible only by the
monoarticular muscles in principle, which suggests that
the existence of biarticular muscles is non-essential for
motion control. This is the issue considered in this paper.
In case studies conducted to address the issue, the authors
observed that the existence of biarticular muscles can be
considered advantageous for improving the performance
of PTP feedforward motion control of a robot arm to a

desired posture; however, it was also observed that, when
one of the choices of muscular forces was applied, the
biarticular muscles contributed less to the improvement
of the control performance [14, 15]. The determination
of the reason for these observations remains an important
issue.

The study presented in this paper considered the issue
through an analysis using the numerical calculation and
simulation results of motion control for a robot arm antag-
onistically actuated by both monoarticular and biarticular
muscles. The remainder of this paper is organized as fol-
lows. Section 2 describes the robot arm considered in this
paper and gives the definitions of certain Cartesian coor-
dinate frames used there. In Section 3, the calculation of
muscular forces for control of the robot arm to its desired
posture is described, after a brief explanation of certain
static equations used for the calculation. In Section 3,
it is assumed that a desired posture of the robot arm is
expressed by its desired joint angles; however, Section 4
considers the conversion of this expression to variables
defined in the binocular visual space. This conversion
is motivated by an interest in the sensory-motor coordi-
nation performed by human beings, the focus of which
is on mapping the desired postures of the robot arm to
muscular forces in the binocular visual space. Noting that
PTP feedforward motion control to a desired posture can
be realized by infinite combinations of muscular forces
because of the nature of redundancy and that the choice
of the combination is determined by an arbitrarily deter-
mined vector in the calculation of the muscular forces,
Section 5 considers three typical choices for the vector
and shows the calculation results of muscular forces for
these three vectors. An interesting observation presented
in this section is that the results show almost the same de-
pendency of the muscular forces on the desired posture for
two of the three choices and almost no (or a very weak)
dependency for the third choice. It is also observed that
in the third vector choice the biarticular muscles make no
contribution at the desired postures. Based on these ob-
servations, Section 6 assumes a relation between the con-
trol performance and dependencies, and this assumption
is investigated through the simulation results presented in
Section 7. Section 8 concludes the discussion in this paper
and describes a future vision from an engineering view-
point and some future issues related to the study in this
paper.

2. Model of the Robot Arm

2.1. Muscles and Links

A two DOF planar robot arm is addressed in this paper,
the muscular and link arrangement of which is shown in
Fig. 1(a). Here, it is assumed that the motion of the robot
arm occurs in a horizontal plane; hence, it is assumed that
no gravitational effect is exerted on the robot arm. The
robot has three links, labeled links 0, 1, and 2. Link 0 is
the base link, which is assumed to be immobile (anchored
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Fig. 1. Definitions of muscles and coordinate frames of the
robot arm.

to a fixed floor, for example). Link 1 is connected to link 0
by a rotational joint, J1, and link 2 is also connected to
link 1 by a second rotational joint, J2. Point H denotes
the distal endtip of the robot arm.

However, the robot arm has six muscular or linear
type actuators (referred to as muscle i (i = 1, . . . ,6) here-
inafter), and the actuators are anchored to the points on
the links. Each link has four anchoring points. The first
letter m of the subscript in the point label Pmn denotes the
link number, whereas the second letter n denotes the mus-
cle number; for example, P01 indicates the anchoring point
of muscle 1 on link 0.

The length of muscle i is denoted by qi. Muscles 1
and 2 are monoarticular muscles antagonistically actuat-
ing J1. Similarly, muscles 3 and 4 are those actuating J2.
On the other hand, muscles 5 and 6 are biarticular muscles
actuating both joints simultaneously. The structure of the
model shown in Fig. 1 is rather simplified in comparison
with that of a human arm; however, this simplification
considers the mechanical design and manufacture of the
robot arm for experiments planned in the future.

2.2. Coordinate Frames
For expressing robot movement, four Cartesian coordi-

nate frames are defined, as shown in Fig. 1(b). The coor-
dinate frame ΣR is the reference coordinate frame for ex-
pressing the positional coordinate values of point H. Σm
(m = 0, 1, 2) presents the link frames for link m. The
origins of Σ0 and Σ1 are located at the same position on

the rotational axis of J1. The origin of Σ2 is located on the
rotational axis of J2.

The directions of the coordinate frame axes are deter-
mined so that the Denavit-Hartenberg notation is appli-
cable to the entire robot arm; therefore, the joint angles
θp (p = 1, 2) of Jp are expressed by the rotational angles
from the axes xp−1 to xp.

3. Point-To-Point Feedforward Motion Control

3.1. Relation Between Muscular Forces and Joint
Torques

With the definitions of αi and τp for the forces of mus-
cle i and the joint torques of Jp, the following equation
holds.

τττ = WWW (θθθ )ααα, . . . . . . . . . . . . . (1)

where τττ = [ τ1 τ2 ]T and ααα = [ α1 · · · α6 ]T . WWW (θθθ)
is the 2×6 matrix mapping ααα to τττ dependent on the joint
angle vector θθθ = [ θ1 θ2 ]T and satisfies the kinematic
relation

q̇qq = WWW T (θθθ ) θ̇θθ , . . . . . . . . . . . . . (2)

where q̇qq = [ q̇1 · · · q̇6 ]T is the vector expressing the
changing rate of the muscular lengths, and θ̇θθ is the angular
velocity vector of the joints.

From Eq. (1), ααα is calculated from τττ by

ααα = WWW+ (θθθ )τττ +
{

III6 −WWW+ (θθθ)WWW (θθθ)
}

kkke, . . (3)

where WWW+(θθθ) = WWW T (θθθ){WWW (θθθ)WWWT (θθθ)}−1 is the pseudo-
inverse matrix of WWW (θθθ) (6 × 2 matrix), III6 is the 6 × 6
identity matrix, and kkke is the vector that can be arbitrarily
chosen.

3.2. Basic Idea of Feedforward Control by
Muscular Forces

If no joint torque is assumed, the substitution of τττ = 000
into Eq. (3) yields

ααα =
{

III6 −WWW+ (θθθ)WWW (θθθ)
}

kkke. . . . . . . . (4)

As mentioned in the previous subsection (Section 3.1), kkke
is arbitrary; therefore, we can assume a constant vector
for kkke. In this case, it is understood from Eq. (4) that ααα is
dependent only on θθθ .

If we have a desired posture of the robot arm and
the posture is expressed by a desired joint angle vector
θθθ d = [ θd1 θd2 ]T , then the muscular forces at the de-
sired posture vvv(θθθ d) is calculated by

vvv(θθθ d) =
{

III6 −WWW+ (θθθ d)WWW (θθθ d)
}

kkke. . . . . (5)

By substituting vvv(θθθ d) in Eq. (5) into ααα in Eq. (1) under
the condition θθθ = θθθ d , τττ becomes the zero vector, and it
is understood that vvv(θθθ d) generates no joint torques at the
desired posture. This means that vvv(θθθ d) does not need to
be modified, even after the arrival of the robot arm at the
desired posture. In addition, the joint torques necessary to
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allow the robot arm to approach a desired posture are gen-
erated when the joint angles θ1 and θ2 do not reach their
desired angles θd1 and θd2, because τττ = WWW (θθθ )vvv(θθθ d) �= 000
when θθθ �= θθθ d .

From the above, it is understood that the muscular
forces in vvv(θθθ d) calculated by Eq. (5) can actuate the robot
arm to a given desired posture θθθ d from an initial posture
θθθ 0 �= θθθ d . It is also understood that this PTP motion con-
trol is performed in a feedforward manner, as the calcu-
lation of vvv(θθθ d) by Eq. (5) does not require any feedback
information on the posture of the robot arm (expressed by
a joint angle vector θθθ ) during the control term.

4. Introduction of Binocular Visual Space

A desired posture of the robot arm can be expressed
by the following description methods: the use of the joint
angles described in the previous subsection (Section 3.2)
is one of the methods. The use of the coordinate values
of the endtip of the robot arm (point H in Fig. 1) in the
reference coordinate frame ΣR is an another description
method; however, this section considers the expression of
the desired posture in the binocular visual space.

In the binocular visual space depicted in Fig. 2, the lo-
cation of the endtip of the robot arm (point H in Fig. 2) is
expressed by two variables: the viewing direction θv and
the vergence angle γ . Two “eyes” on the xR-axis are ax-
isymmetrically arranged on the yR-axis. The distance be-
tween the eyes is 2E, where E is a positive constant. The
vergence angle γ is the circumferential angle between the
two lines to the left and right eyes at point H. The view-
ing direction θv is the angle between the line from the left
or right eye to point H and the line from the eye to the
point where the circumference of the Vieth-Müller circle
intersects the yR-axis. The angles of the viewing direction
to point H of the two eyes are the same.

The calculation of the coordinate values RxH and RyH
of point H in ΣR from a given set of γ and θv follows

RxH =
E sin2θv

sinγ
, . . . . . . . . . . . . (6)

RyH =
E (cos2θv + cosγ)

sinγ
. . . . . . . . . (7)

If we introduce the vector expressing the variables in the
binocular visual space bbb = [ θv γ ]T and the position
vector R pppH = [ RxH

RyH ]T in ΣR, Eqs. (6) and (7) can
be expressed in a vector form:

R pppH (bbb) = fff p
b (bbb) =

[
fxH (bbb)

fyH (bbb)

]
, . . . . . (8)

where fff p
b(bbb) means a mapping function of bbb from the

binocular visual space to the space by ΣR, and fxH(bbb) and
fyH(bbb) in Eq. (8) correspond to Eqs. (6) and (7), respec-
tively.

An expression similar to Eq. (8) can be applied for the
inverse kinematics of the robot arm in Fig. 1 from the co-
ordinate values of point H in ΣR to the joint angles as fol-
lows: θθθ (R pppH) = fff θ

p(R pppH); therefore, the following equa-
tion holds for a desired posture of the robot arm given by
vector bbbd = [ θvd γd ]T in the binocular visual space:

θθθ d = θθθ (bbbd) = θθθ
(R pppH (bbbd)

)
. . . . . . . . (9)

By substituting θθθ d in Eq. (9) into Eq. (5), the mapping
from bbbd to vvv(θθθ d) is obtained.

5. Numerical Analysis

5.1. Choices of the Arbitrary Vector

As mentioned in the previous section (Section 4), kkke
in Eq. (5) for the calculation of vvv(θθθ d) is the arbitrarily
chosen vector. An example of the choice was proposed by
some authors in [11] based on the criterion of minimizing
the Euclidean norm of vvv(θθθ d); however, in this study we
considered the following three choices:

kkkea =
[

1 1 1 1 1 1
]T

, . . . . . (10)

kkke56 =
[

0 0 0 0 1 1
]T

, . . . . . (11)

kkke14 =
[

1 1 1 1 0 0
]T

. . . . . . (12)

The purpose of the above choices was to inspect how the
column vectors in III6 −WWW+(θθθ d)WWW (θθθ d) in Eq. (5) con-
tribute to the mapping from the desired postures to mus-
cular forces at the postures. The column vectors in the
matrix can be explicitly written as

III6 −WWW+ (θθθ d)WWW (θθθ d)
=

[
www1 (θθθ d) www2 (θθθ d) · · · www6 (θθθ d)

]
, . (13)

where θθθ d can be replaced with bbbd by using Eq. (9).
Substituting each of the three vectors given in

Eqs. (10)–(12) into kkke in Eq. (5) yields

www1 (bbbd)+ · · ·+www6 (bbbd) = wwwa (bbbd) = wwwda for kkkea, (14)

www5 (bbbd)+www6 (bbbd) = www56 (bbbd) = wwwd56 for kkke56, . (15)

www1 (bbbd)+ · · ·+www4 (bbbd) = www14 (bbbd)
= wwwd14 for kkke14. . . . (16)

Here, wwwda = wwwd14 + wwwd56, and therefore, we can inves-
tigate how each of the combinations of www1(bbbd) + · · ·+
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www4(bbbd) and www5(bbbd) + www6(bbbd) contribute to the determi-
nation of vvv(θθθ d).

Antagonistically actuated robot arms, as shown in
Fig. 1, sometimes use tendon-driven actuation systems
with cables. In this case, motion control of the robot re-
quires the condition that all the muscular forces are posi-
tive at every desired posture to prevent the cables becom-
ing loose at the posture. However, the focus of the discus-
sion in this paper is on investigating the contribution of the
combinations www1(bbbd)+ · · ·+www4(bbbd) and www5(bbbd)+www6(bbbd)
to mapping from bbbd to vvv(θθθ d), as mentioned in the pre-
vious paragraph. Realizing motion control to a desired
posture with positive muscular forces is of less interest in
this paper. Accordingly, the following discussion accepts
negative muscular forces (namely, one or more muscu-
lar forces in vvv(θθθ d) are negative) at the desired postures;
however, this is naturally an acceptable condition based
on the assumption that a type of linear actuator (without
a tendon, such as a cable) is used as a muscle in the robot
arm.

5.2. Parameters and Calculation Range for
Analysis

The analysis in this paper assumes that the size of the
robot arm is similar to that of a human arm. Based on this
assumption, the length L1 of link 1 connecting joint J2
to joint J1 in Fig. 1 is assumed to be 0.3130 m, and the
length L2 of link 2 connecting endtip point H to joint J2
in Fig. 1 is assumed to be 0.2516 m. In addition, it is as-
sumed that the origins of the coordinate frames Σ0 and Σ1
are located at the position of the coordinate value (XJ0,0)
in ΣR, where 2XJ0 = 0.3975 m. Additionally, the distance
between the two eyes constituting the binocular visual
space, 2E, is assumed to be 0.0619 m.

These parameter values refer to the average body size
of Japanese males [a]. The purpose of using these refer-
ence sizes is to gain an insight into sensory-motor coor-
dination between the binocular visual space and the mus-
cular forces when the kinematic size of the robot arm is
similar to that of a human arm and the size of the binoc-
ular visual space is similar to that constituted by a pair
of human eyes. An expectation from this insight is that a
feature useful for the PTP control of the robot arm will be
found in the mapping from a desired posture expressed in
the binocular visual space to the muscular forces.

The range of θvd is assumed to be from −π/12 rad to
+π/12 rad and that of γd from 0.16 rad to 0.24 rad. These
ranges can be illustrated in ΣR, as shown in Fig. 3. The
ranges were determined based on the consideration of the
field of tabletop work used by a human worker.

The numerical calculation of the muscular forces also
requires that the anchoring points of the muscles be de-
fined. The coordinate values of the anchoring points
P01, P02, P05, and P06 are (−0.05,0.02), (0.05,0.02),
(−0.05,0.02), and (0.05,0.02) in Σ0, respectively. Sim-
ilarly, those of P11, P12, P13, and P14 are (0.12,0.01),
(0.12,−0.01), (0.18,0.01), and (0.18,−0.01) in Σ1,
and those of P23, P24, P25, and P26 are (0.05,0.02),

-0.2 -0.1 0.0 0.1 0.2
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Fig. 3. Calculation range of bbbd for analysis illustrated in ΣR.

(−0.05,0.02), (0.05,0.02), and (−0.05,0.02) in Σ2, re-
spectively. Unfortunately, no reference that provides a
suggestion for assuming the above coordinate values of
the anchoring points based on a human arm could be
found in the literature survey conducted by the authors;
however, these coordinate values are determined based on
a related previous study of the authors [15].

5.3. Observation of wwwda

The calculation results of wwwda are shown in Fig. 4.
The five graphs in the left hand column (subcaptioned
(a) at the bottom) show the plots for wdai (i = 1, . . . ,4),
and those in the right hand column (subcaptioned (b) at
the bottom) show the plots for wda5 and wda6, where
wwwda = [ wda1 · · · wda6 ]T . The five rows of the graphs
in Fig. 4 correspond to the desired vergence angles γd =
0.16, 0.18, 0.20, 0.22, and 0.24 rad from the top row.
The horizontal axis in each graph denotes the desired
viewing direction θvd [rad], and the vertical axis denotes
the value of the muscular forces. The calculation and
plotting of the graphs were performed using Wolfram
Mathematica R© 10.0.1.0.

A major observation is obtained from Fig. 4(b): wda5
and wda6 exhibit approximately no (or a very weak) de-
pendence property on both θvd and γd . They remain at the
constant force of approximately 1.0 N throughout the cal-
culation range. A second observation is the dependence
properties of wdai (i = 1, . . . ,4) on both θvd and γd : wda1
and wda4 have almost the same dependency, and their de-
pendencies on θvd are negative. wda2 and wda3 also have
almost the same dependency; however, their dependen-
cies on θvd are positive. In addition, the dependence prop-
erties described above seem to be almost linear, at least in
the calculation range considered in this paper. Compar-
isons of the graphs in the left hand column also lead to the
observation that the dependence properties on θvd change
according to the value of γd .
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(a) Muscular forces of muscles 1 to 4 (b) Muscular forces of muscles 5 and 6

Fig. 4. Muscular forces according to wwwda (at γd = 0.16, 0.18, 0.20, 0.22, and 0.24 from the top row of the graphs).
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5.4. Observation of wwwd56

The calculation results of wwwd56 are shown in Fig. 5,
where the graphs are arranged as in Fig. 4. The signifi-
cant observations from Figs. 4 and 5 are that 1) the mus-
cular forces of muscles 5 and 6 shown in the graphs in
the right hand columns of both figures are the same, and
2) the muscular forces of muscles i (i = 1, . . . ,4) in the left
hand column of both figures have the same dependence
properties on θvd and γd; however, the muscular forces in
Fig. 5 are approximately 1 N smaller than those in Fig. 4.
Since wwwda = wwwd56 + wwwd14, as mentioned in Section 5.1,
these two observations suggest the following: 1) the mus-
cular forces of muscles 5 and 6 are determined only by
www5(bbbd) + www6(bbbd) (= wwwd56), and 2) the dependencies of
the muscular forces of muscles i (i = 1, . . . ,4) on θvd and
γd also come only from www5(bbbd)+www6(bbbd). In other words,
www1(bbbd) + www2(bbbd) + www3(bbbd) + www4(bbbd) (= wwwd14) does not
contribute to 1) the generation of the muscular forces
of muscles 5, 6, and 2) the dependence of the muscular
forces of muscles i (i = 1, . . . ,4) on θvd and γd . The valid-
ity of these suggestions is verified in the next subsection.

5.5. Observation of wwwd14

The calculation results of wwwd14 are shown in Fig. 6,
where the graphs are arranged as in Figs. 4 and 5. The
graphs in the right hand column of Fig. 6 show approxi-
mately zero constant muscular forces for muscles 5 and 6
throughout the calculation range, and the graphs in the left
hand column of Fig. 6 also show approximately 1 N con-
stant muscular forces for muscle i (i = 1, . . . ,4) through-
out the range, with little differences from 1 N at θvd =
+π/12, as shown in Table 1.

The former indicates no contribution of wwwd14 =
www1(bbbd)+ · · ·+ www4(bbbd) to the generation of the muscular
forces of the biarticular muscles, and the latter means that
wwwd14 does not contribute to the dependence of the muscu-
lar forces of muscle i (i = 1, . . . ,4) on θvd and γd .

The observations described above are coincident with
the suggestions in the previous subsection (Section 5.4).
An interesting result obtained from the former observa-
tion in the previous paragraph is that the muscular struc-
ture of the robot arm at a desired posture is equivalent
to that only with monoarticular muscles when wwwd14 =
www1(bbbd)+ · · ·+ www4(bbbd) is adopted for determining vvv(θθθ d).
This is because the biarticular muscles (muscles 5 and 6,
in particular) provide no muscular forces with the robot
arm at this posture.

6. Simulation of Motion Control

6.1. Issue on Motion Control
The numerical analysis in Section 5, reveals the results.

• The mappings from bbbd to vvv(θθθ d) obtained by wwwda =
www1(bbbd)+ · · ·+www6(bbbd) and wwwd56 = www5(bbbd)+www6(bbbd)
exhibit the same dependence properties on θvd and
γd , except for the magnitudes of the muscular forces
of muscles i (i = 1, . . . ,4), and

• A noticeable dependence on θvd and γd is not ob-
served in the mapping using wwwd14 = www1(bbbd)+ · · ·+
www4(bbbd).

The former result means that vvv(θθθ d) that realizes a de-
sired posture is uniquely determined from bbbd expressing
the desired posture; therefore, it can be naturally assumed
that the uniqueness of the mapping from bbbd to vvv(θθθ d) pro-
duces a (probably advantageous) effect on motion control
to the desired posture. In addition, it is expected that the
same or very similar performances are obtained from both
controls using wwwda and wwwd56 because of the same depen-
dence properties in the mappings using these vectors.

However, the latter result indicates the necessity that
motion control to all the desired postures (in the ranges
considered in the numerical analysis) is realized by almost
the same vvv(θθθ d) because of the very slight uniqueness of
the mapping by wwwd14. It is assumed that this necessity
brings a difficult or disadvantageous effect to the motion
control to the desired postures.

According to the consideration described above, this
section focuses on a comparison of control performances
for the three choices for kkke described in Section 5.1.

6.2. Kinetic Parameters of the Robot Arm
The values of the kinetic parameters used in the simu-

lation are summarized in Table 2. The values in the table
were calculated based on the average ratios of the upper
arms and forearms among Japanese young males [16], as-
suming that the mass of the entire body was 60 kg.

6.3. Muscular Forces During Control
A damping effect is necessary for stable convergence of

the robot arm to a desired posture, in addition to the mus-
cular forces vvv(θθθ d) for realizing feedforward PTP control;
therefore, the muscular forces during control of the robot
arm are given by

ααα = vvv(θθθ d)−DDDq̇qq, . . . . . . . . . . . (17)

where DDD = DIII6 is the matrix of damping coefficients, and
the given conditions for D are detailed in the next section
(Section 7).

Simulation of the PTP controls was executed on
Matlab R© and Simulink R© (R2016a) software. The choice
of the solver in Simulink was ode45 (Dormani-Prince)
with a variable time step; however, the maximum time
step was limited to 1 ms.

7. Simulation Results and Observation

7.1. Initial Posture and Desired Postures
This paper considers 25 desired postures in the

calculation range explained in Section 5.2. These
postures are given by combinations of variable val-
ues θvd = (−π/12,−π/24, 0, +π/24, +π/12) rad and
γd = (0.16, 0.18, 0.20, 0.22, 0.24) rad. The endtip posi-
tions at these postures plotted in ΣR are shown in Fig. 7
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(a) Muscular forces of muscles 1 to 4 (b) Muscular forces of muscles 5 and 6

Fig. 5. Muscular forces according to wwwd56 (at γd = 0.16, 0.18, 0.20, 0.22, and 0.24 from the top row of the graphs).
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(a) Muscular forces of muscles 1 to 4 (b) Muscular forces of muscles 5 and 6

Fig. 6. Muscular forces according to wwwd14 (at γd = 0.16, 0.18, 0.20, 0.22, and 0.24 from the top row of the graphs).
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Table 1. Forces of muscles i (i = 1, . . . ,4) in wwwd14 at θvd =
+π/12.

muscle γd

i 0.16 0.18 0.20 0.22 0.24

i = 1 0.981 0.980 0.979 0.977 0.975
i = 2 1.02 1.02 1.02 1.02 1.02
i = 3 1.01 1.01 1.02 1.03 1.04
i = 4 0.992 0.988 0.980 0.969 0.955

* unit of the forces: [N]

Table 2. Kinetic parameters of the robot arm in the simulation.

Link Mass Distance to Inertia
p Mp [kg] center of mass LCp [m] Ip [kgm2]

1 1.62 0.166 0.0673
2 0.96 0.104 0.0502
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Fig. 7. Endtip points by the desired postures.

by dots, where the area framed by the lines indicates the
calculation range.

However, the initial posture of the robot arm was fixed
to qqqI = [ π/4 π/4 ]T throughout the simulation.

7.2. Indices for Evaluating Control Performance
The settling time means the time necessary for the com-

pletion of the motion control and is usually used as a typ-
ical index for evaluating the response speed of a control
method. The time measurement is started when the robot
arm begins a motion at the initial posture and completed
when the robot arm again comes to a stop at (or near)
the desired posture. In the simulation, the robot arm was
assumed to come to a stop if the absolute values of an-
gular velocity and angular acceleration became less than
1.0×10−4 rad/s and 1.0×10−4 rad2/s in all the joints.

However, it is noted that the stoppage of the robot arm
described above does not necessarily mean the motion

Table 3. An example of simulation results (wwwda, D = 10).

Desired posture Settling time Square error
θvd [rad] γd [rad] [s] ×10−3 [rad2]

−0.26 0.16 22.4 0.000
−0.13 0.16 21.3 0.000

0.00 0.16 22.3 0.000
0.13 0.16 25.1 0.000
0.26 0.16 27.5 0.000

−0.26 0.18 22.9 0.000
−0.13 0.18 22.6 0.000

0.00 0.18 22.3 0.000
0.13 0.18 25.1 0.000
0.26 0.18 27.0 0.000

−0.26 0.20 23.5 0.000
−0.13 0.20 25.8 0.000

0.00 0.20 25.2 0.000
0.13 0.20 24.2 0.000
0.26 0.20 25.7 0.000

−0.26 0.22 26.0 0.000
−0.13 0.22 25.4 0.000

0.00 0.22 21.2 0.000
0.13 0.22 23.3 0.000
0.26 0.22 22.7 0.000

−0.26 0.24 25.4 0.000
−0.13 0.24 24.2 0.000

0.00 0.24 20.3 0.000
0.13 0.24 20.2 0.000
0.26 0.24 19.4 0.000

control is successfully completed at the desired posture.
This is especially true when the damping term in Eq. (17)
accompanies a large value of D, as the motion of the robot
arm in this case is in general very slow and easily slows
down before sufficiently approaching a desired posture;
therefore, it is necessary to consider the error of the pos-
ture at the stoppage of the motion from the desired pos-
ture as additional index for the evaluation of the control
performance. Although the error can be measured in the
joint angular, Cartesian, and binocular visual spaces, in
this study, we measured it in the joint angular space and
considered the square error for measuring the amount of
error. The square error is defined by

θse = (θθθ d −θθθ s)
T (θθθ d −θθθ s)

= (θd1 −θs1)
2 +(θd2 −θs2)

2 , . . . . . (18)

where θθθ s = [ θs1 θs2 ]T is the joint angle vector at the
stoppage of the robot arm.

7.3. Example of Simulation Results and
its Representation

An example of the simulation results is shown in Ta-
ble 3, where wwwda was used for mapping from bbbd to vvv(θθθ d)
and D = 10 for calculating DDD. Each row of Table 3 indi-
cates the desired posture expressed in the binocular visual
space, the settling time, and the angular square error de-
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Table 4. Averages and standard deviations of settling times.

Mapping wwwda wwwd56 wwwd14

D [N·s/m] Avg. SD Avg. SD Avg. SD

3 68.8 5.5 67.7 5.0 124.7 86.3
5 41.8 3.2 41.5 2.8 282.2 272.1
7 30.5 2.8 30.4 2.3 390.9 354.6
10 23.6 2.2 24.5 2.0 472.5 400.4
15 32.5 5.1 35.6 3.6 494.3 317.8
20 43.0 6.5 46.9 4.4 589.1 395.0
25 52.8 7.8 57.5 5.3 678.2 468.7
30 62.2 9.0 67.5 6.1 700.1 431.3
35 71.2 10.2 77.2 6.9 722.0 418.4
40 80.0 11.3 86.7 7.6 776.8 461.2
45 88.5 12.4 95.8 8.3 829.6 500.6

* unit of the time: [s]

fined by Eq. (18).
The conditions given for the motion control were the

combinations of the mapping (using wwwda, wwwd56, and wwwd14)
and the value of D (3, 5, 7, 10, 15, 20, 25, 30, 35, 40,
45 N·s/m); therefore, the number of the results for these
conditions was 33, including the result shown in Table 3.
However, the direct observations or comparisons of the
33 results based on the table form as shown in Table 3 are
probably meaningless or provide few suggestions; there-
fore, we consider the representation of the result for each
condition by statistical values.

For the settling time, the average and standard deviation
throughout all the desired postures are used. In the case of
the results shown in Table 3, they are 23.6± 2.2 s. How-
ever, the average, maximum, and minimum are chosen for
the square error, and all these are 0.000×10−3 rad2 in the
case of the results in Table 3. Here, it is noted that using
the standard deviation instead of the maximum and min-
imum is considered inappropriate, because a normal (or
Gaussian) distribution cannot be assumed for the square
error because of its absoluteness given by Eq. (18).

7.4. Observation of the Settling Time
Table 4 shows the comparison of the settling times

among the mappings. The left-most column of the table
shows the values of D for the calculation of the matrix DDD.
The remaining columns show the average and standard
deviation for each of the mappings by wwwda, wwwd56, and
wwwd14.

A major observation from Table 4 is that the smallest
averages and standard deviations are obtained at D = 10
in the mappings of wwwda and wwwd56. A second observation
found from this comparison is that the average of the map-
ping wwwda becomes smaller than that of wwwd56 when D in-
creases, whereas the standard deviation of wwwda becomes
larger than that of wwwd56. This observation suggests that
the performances of motion control by the mappings of
wwwda and wwwd56 are similar but different. A statistical test
(t-test) showed that the difference in the averages of the
two mappings is significant with a significance level of

Table 5. Minimums, averages and maximums of square errors.

* unit of the square error: ×10−3 [rad2]
wwwda wwwd56

D Min. Avg. Max. Min. Avg. Max.

3 0.000 0.000 0.000 0.000 0.000 0.000
5 0.000 0.000 0.000 0.000 0.000 0.000
7 0.000 0.000 0.000 0.000 0.000 0.000
10 0.000 0.000 0.000 0.000 0.000 0.000
15 0.000 0.000 0.001 0.000 0.000 0.001
20 0.000 0.001 0.001 0.000 0.001 0.001
25 0.000 0.001 0.002 0.000 0.001 0.002
30 0.000 0.001 0.003 0.001 0.002 0.003
35 0.000 0.002 0.004 0.001 0.002 0.004
40 0.001 0.003 0.005 0.001 0.003 0.005
45 0.001 0.003 0.006 0.001 0.004 0.006

wwwd14

D Min. Avg. Max.

3 0.000 0.766 6.970
5 0.000 0.999 7.131
7 0.000 1.265 8.451
10 0.001 2.110 10.948
15 0.001 5.260 27.369
20 0.003 6.571 37.673
25 0.004 7.671 44.650
30 0.006 10.299 50.443
35 0.008 12.553 55.553
40 0.011 13.861 60.200
45 0.014 15.060 64.502

1% at all D larger than 15 N·s/m.
It is also necessary to pay particular attention to the ob-

servation that the average and standard deviation of the
mapping wwwd14 is much larger than those of the other two
mappings. The t-test shows that the differences in the
averages between the mapping of wwwd14 and each of the
other two mappings are very significant, with a signifi-
cance level of 0.1%.

The assumption previously described in Section 6.1 is
that the feature of the analogous dependence of vvv(θθθ d) on
bbbd in the mappings of wwwda and wwwd56 provides a similar
control performance to those mappings, and the weak de-
pendence of vvv(θθθ d) on bbbd in the mapping of wwwd14 nega-
tively contributes to the control performance obtained by
the mapping. According to the observations in this sub-
section, this assumption is considered reasonable.

7.5. Observation of the Square Error
The upper table in Table 5 shows the minimums, aver-

ages, and maximums of the square errors obtained using
the mappings of wwwda and wwwd56, and the lower table shows
those obtained from the mapping of wwwd14. The observa-
tion common to the three mappings is that all the mini-
mums, averages, and maximums increase as the value of
D increases; however, this is naturally understood, be-
cause the robot arm slowed and satisfied the stoppage
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condition described in Section 7.2 before sufficiently ap-
proaching a desired posture when muscular damping was
provided by a large value of D.

However, observation of the minimums, averages, and
maximums for the same value of D reveals that these val-
ues, especially the average and maximum, for the map-
ping using wwwd14 are considerably larger than those for
the mappings using wwwda and wwwd56. For each value of
D, a statistical test (Mann-Whitney U-test or Wilcoxon
rank-sum test) showed that there is no significant differ-
ence between the averages of the mappings wwwda and wwwd56,
whereas the average of the mapping wwwd14 is significantly
different from those of wwwda and wwwd56 with a significance
level of 1%. The differences described above are also con-
sidered reasonably acceptable for the same reason as that
described in the final paragraph of the previous subsection
(Section 7.4).

8. Conclusion

This paper addressed a two DOF planar robot arm an-
tagonistically actuated by six muscles (four monoarticu-
lar muscles and two biarticular muscles). The robot arm
considered has no pulleys on its joints, and the muscles
are directly connected to anchoring points on the links.
This muscular structure enables PTP motion control of
the robot arm in a feedforward manner, without using any
sensors for measuring the motion of the joints or mus-
cles. This is an advantageous feature of the robot arm
discussed.

A desired posture of the robot arm can be described by
two variables, whereas the number of the muscles is six.
Therefore, the robot arm considered in this paper is re-
dundant, and there exist many combinations of muscular
forces that allow it to arrive at the desired posture. This
paper addressed the issue of redundancy by considering
the following two viewpoints: the expression of a desired
posture in the binocular visual space and the consideration
of three characteristic mappings from the desired posture
to the muscular forces.

An analysis by means of numerical calculations re-
vealed that two of the three mappings (wwwda and wwwd56)
implemented provided almost the same dependence prop-
erty of muscular forces on the desired postures; however,
the dependence property of the third mapping (wwwd14) was
very weak. Based on these analysis results, it was as-
sumed in this study that the strengths of the dependen-
cies affected the performances of the PTP motion con-
trol to the desired postures. An investigation by means
of simulating the motion control of the robot arm showed
that the above assumption is reasonably acceptable; that
is, the mappings with the dependencies on the desired
posture (wwwda and wwwd56) exhibited similar control perfor-
mances (although they were statistically different), and
these performances were much better than that obtained
by the mapping with less dependency on the desired pos-
ture (wwwd14).

In the authors’ opinion, the results described in the

previous paragraph suggest means for developing mo-
tion control of a robot arm antagonistically actuated by
monoarticular and biarticular muscles. However, an ap-
proach or a method that can be proposed for this devel-
opment from an engineering point of view has not cur-
rently been found, and this is an important future issue
regarding the study in this paper. It is thought that the key
for such an approach or method is the mapping of wwwd14,
which is less dependent on (or almost independent of) the
desired postures of the robot arm. It is reasonably under-
stood from the observations described in this paper that
the mapping alone is incapable of improving the motion
control performance; however, the lower dependency of
the mapping on the desired postures is also considered to
be useful for arbitrary adjustment of the muscular forces
for motion control to a desired posture, provided that the
mapping is combined with an additional mapping that has
dependency on the desired postures (wwwd56, for example).
If we can devise an idea for using the scheme mentioned
above from an engineering viewpoint, in the context of the
method proposed in [12], for example, the calculation of
the feedforward control input for a desired posture bbbd by
β14wwwd14 +β56wwwd56 can be considered, under adjusting the
coefficients β14 and β56 in accordance with the criterion
of avoiding actuator saturation.

An additional future issue is the investigation of the
dependence properties of the mappings for a wider cal-
culation range of desired postures in the binocular visual
space. The investigation of the kinematic arrangements of
the robot arm and the “eyes” for constituting a binocular
visual space, which do not resemble the arrangement of
humans, is also an interesting future topic. Toward engi-
neering applications of the method suggested in this pa-
per, the visual binocular space should be extended from
two to three dimensions, using a robot arm capable of
three-dimensional motion.
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