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This paper deals with an optimal landing motion of a
four-link legged robot that minimizes the impact force
at the contact point and the joint torques necessary
during the motion. The cost function for optimization
is given as the weighted sum of the impact force and
the joint torques. The configuration of the robot that
is close to a singular configuration is advantageous in
minimizing the joint torques for a heavy torso, while
the configuration where the leg is bent is advantageous
in reducing the impact force. This is shown by numer-
ical optimization results with different weights for the
cost function and a theoretical analysis of a simplified
model of the robot.

Keywords: singular configuration, multi-objective opti-
mization, motion planning, impact dynamics

1. Introduction

The development of the robots that can perform human-
like movements has attracted many researchers [1-3]. Dy-
namic movements such as walking, running and jumping
need coordination of many degrees of freedom under the
gravitational force and the ground reaction force, and are
difficult for robots to perform.

Especially, jumping is a highly dynamic motion and
needs a large amount of energy in a short time because of
large instantaneous ground reaction force and short dura-
tion. Several approaches to develop jumping robots have
been proposed so far [4-8]. Most of them are based on
the biological structure and biomechanics. In [4], biped
robots with musculoskeletal system are constructed to re-
alize a jumping motion from take-off to stable landing.

During a landing motion, large ground reaction force,
called impact force, occurs due to the impact between
the foot and the ground. Reducing the impact force (or
momentum) is important for humans to prevent injuries
and for robots to avoid mechanical breakdowns. When a
robotic arm or leg collides with other object, the impact
force caused by the collision depends on the configura-
tion (posture) of the robot. The optimal configuration that
minimizes the impact force can be calculated by using a
mathematical model of the impact force. Two different
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impact force models have been considered in the refer-
ences [9-11]. For the model in [9, 10], the impact with
stiff objects occurs in an infinitesimally small period of
time. The joint velocities and the momentum of the robot
change discontinuously at the instant of collision. We call
it discontinuous model in this paper. In [11], landing of
a legged robot that has a foot equipped with a soft pad is
considered. The soft pad generates a spring damper force
between the foot and the ground. The impact through the
pad occurs in a finite duration, and the changes in joint
velocities and momentum of the robot are continuous. It
is called continuous model in this paper. For both models,
the configuration of the robot where the leg is bent, that
is, the configuration far from the singular configuration
where the leg is stretched out, is advantageous to reduce
the impact force or momentum.

To complete a landing motion after the collision, joint
torques of a legged robot have to bring the configuration
to a stable stance and absorb the kinetic energy of the
robot to stop the motion. The joint torques for human
landing motion have been investigated so far. It was found
in [12] that the joint stiffness alters during the ground-
contact phase in human hopping. The leg stiffness modu-
lation is sensitive to changes in ankle joint stiffness [13].
Inspired by those results, a body stiffness and damping
control method has been proposed to achieve soft landing
of alegged robot in [8]. Time varying stiffness and damp-
ing coefficients were optimized to reduce the peak value
of ground reaction force.

On the other hand, minimization of necessary joint
torques during a landing motion is also important for re-
ducing the energy consumption of joint motors. More im-
portantly, the weight of the robot can be reduced by using
small motors if the necessary joint torques are small. The
lighter weight makes the realization of a jumping robot
much easier. In [14-16], we have shown that, for the task
of pulling a heavy object with a two-link robot arm, joint
torques can generate (or absorb) energy efficiently near
singular configurations of the arm. Although the task does
not include the collision with the object, this dynamic fea-
ture of singular configurations might be exploited for the
landing motion of a legged robot; the initial configura-
tion near singular configurations may be expected to be
advantageous in absorbing the kinetic energy with small
joint torques to stop the landing motion. In order to clar-
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Fig. 1. Four-link legged robot.

ify the advantage, the dynamics around the impact near
singular configurations has to be examined.

In this paper, we consider not only reduction of impact
force but also minimization of joint torques for a land-
ing motion of a four-link legged robot. To the best of
our knowledge, the problem of optimizing them simul-
taneously during landing has not been dealt with in the
literature. The landing motion that minimizes the peak
value of the impact force and the necessary joint torques
is obtained by numerical optimization. The cost function
is composed of the weighted sum of the one for the im-
pact force and the one for the joint torques. The impact
force is calculated from the continuous model in a simi-
lar way as in [11] for the numerical optimization. Using
the joint model proposed in [12], we assume that the joint
torques are represented by the parameters in the stiffness
and damping coefficients. Numerical optimization results
show that, as the weight of the cost function for the joint
torques increases, the optimal configuration of the robot
at the impact time becomes close to the singular configu-
ration. To verify and understand the results, a theoretical
analysis of the dynamics around the impact is performed
with a simple model of the legged robot where the discon-
tinuous model of impact is used. The theoretical analysis
provides new insight into landing motion; when the im-
pact configuration is close to, but not exactly, the singular
configuration, the joint velocity immediately after the im-
pact has the maximum value, and the kinetic energy of the
robot can be absorbed by small joint torques.

2. Four-Link Legged Robot

Let us consider the vertical landing of a one-legged
planar robot (Fig. 1). The robot consists of four links,
foot, lower limb, upper limb and torso, and they are called
Link 1, Link 2, Link 3 and Link 4 respectively. We intro-
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duce a virtual joint which is located at the toe and call it
toe joint. When the leg is in the landing phase, it is in con-
tact with the ground through the toe or/and the heel. As
shown in Fig. 1, the toe joint is called Joint 1, and the joint
between Link i and i+ 1 is called Joint i (i = 2,3,4). A
coordinate frame, (x,y), is chosen so that y-axis is along
the vertical line and x-axis is on the horizontal ground.
The positions of the toe and heel are denoted as [x;,y;]”
and [x2,y,]7. The angle and torque at Joint i are repre-
sented as 6; and 7; respectively, and they are positive in the
counter-clockwise direction (i = 1,2,3,4). It is assumed
that the toe joint freely rotates and the torque at the joint 7
is zero. The generalized coordinates and the generalized
forces for the legged robot are expressed in vector forms
as q = [xl,y1,91,92, 6, 94}T and T = [0,0,07 Tz,T3,T4}T.

For a landing motion of the legged robot, we assume
that, just before the contact with the ground, all the joint
angular velocities are zero and the downward velocity of
the robot is v;. The initial values of generalized velocities
are summarized as

4(0)=[0,-v,,0,0,0,0" . . . . . ... (D)

2.1. Contact Model Between Foot and Ground

When the foot collides with the ground, an impact
force acts at the contact point. For avoiding too large
impacts and increasing the stability of movement, shock-
absorbing mechanisms are often equipped under the feet
of biped robots [11, 17, 18]. In this paper, we consider the
foot equipped with a shock-absorbing pad. The interac-
tion force between the foot and the ground is assumed to
be obtained from a linear spring and damper model in the
vertical direction and a linear damper model in the hor-
izontal direction as shown in Fig. 2. It is also assumed
that only the toe (Joint 1) and the heel (Joint 2) could be
the contact points. The thickness of the pad is denoted as
Ypad-

The interaction forces at the heel and the toe in the ver-
tical direction are given by the following equation:

—ky(yi — —d,y; f P <
fyi{ Y(y ypad) yYi 10T Vi < Ypad L ©

Lo for yi > Ypaa
where k, is a stiffness coefficient, d) is a damping coef-
ficient, and i = 1 and 2 for the toe and the heel respec-

tively. Since the ground reaction force is never negative,
the force fy; is set to be zero if fy; in Eq. (2) is negative.

33



Wan, X., Urakubo, T., and Tada, Y.

TITTITITY TR vv vy
(a) (b)

e

(c) (d)
Fig. 3. Contact states: (a) no contact, (b) contact at toe,
(c) contact at heel, (d) contact at toe and heel.

On the other hand, the interaction force in the horizontal
direction can be expressed by

—d,x; for fyi >0
fxi = { * ’

3
0 for fi=0 "~ 3)

where d, is a damping coefficient. Those interaction
forces are written in a vector form as

F=[fa,fifarfalt - . . ... ... @

2.2. Equations of Motion

The equations of motion for the legged robot can be
described by

M(q)4+h(q,q)+t,=t+JF, . . . .. (5

where M(q) is the inertia matrix, h(q, ) is the vector with
respect to the Coriolis and centrifugal effects, and 7 is the
gravitational term. The matrix J is the Jacobian matrix
with respect to the positions of the toe and the heel.

According to Eqgs. (2) and (3), there exist four possible
contact states between the foot and the ground as shown in
Fig. 3. All the contact states are considered in the motion
planning presented in the following section.

3. Optimal Landing Motion

3.1. Stiffness and Damping of Leg Joints

The joint torques for human motions are often ex-
pressed by joint stiffness and damping. In [12], the coef-
ficients of stiffness and damping for human hopping have
been examined in detail and a nonlinear stiffness model
has been proposed. Based on the results in [12], we as-
sume that the joint torques are represented as in the fol-
lowing form:

Ti:—Ki<9i—9ie)_Di9i (fori:2’3’4)’ T (6)

where the coefficients of stiffness and damping are given
as

Ki=Ki+Kn(6;—65), . . . ... ...
Di=Dii. . . .o (8
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The angle 0;; is the angle of Joint i at the instant when the
first contact between the foot and the ground occurs. The
parameters K;;, Kpp, D;; and 6;, determine the torque 7;
during the landing motion.

3.2. Optimization Problem

In this subsection, we formulate the optimization prob-
lem of finding the landing motion that reduces the peak
vertical ground reaction force and minimizes the joint
torques during the landing motion simultaneously. The
following cost function is chosen as criterion for opti-
mization:

Je(@)=cWi+Wo, . . . ... ... .09

where ¢ is the weight coefficient with respect to W;. The
functions W, and W, are defined as:

Wi :maXte[O,T](fyl(t)+fy2(t))a . . (10)

T
sz/t ((22)2 + (13)? + (14)2) dt , ()

where W) represents the peak value of vertical ground re-
action force. The time ¢ is set to be zero at the instant
when the first contact between the foot and the ground
occurs, and 7 denotes the end time of the landing motion.

In Eq. (9), ¢ represents the parameters for opti-
mization and is chosen as the initial posture 6(0) =
(01(0),60,(0),65(0),604(0)), the coefficients K;1, K, Dj1,
6;. (i =2,3,4) and the duration time 7':

¢ = {6(0)7Ki17Ki27Di176i€7T} . . (12)

The initial posture is assumed to satisfy 0 < 6;(0) < /2,
that is, the first contact between the foot and the ground
occurs in the state (b) shown in Fig. 3. After the first
contact, the second and multiple contacts between the foot
and the ground may happen in the state (b), (c) or (d).

At the end time of the motion, we put four constraints
to the optimization problem. The horizontal position of
the mass center of the robot should be above the foot at

the end time ¢ = T', which can be expressed as follows:
X <x(T) <xp, . . (13)

where x, is the horizontal position of the mass center. The
robot should be stationary att = T':

g(T)=0.

The angle of the torso from the vertical direction should
be small at r = T so that the final posture of the robot is
close to the one in human landing motion:

. (14)

|9,(T)|§%, _(15)

where 6; = 6 + 6, + 63 + 64. The landing motion should
be finished in 1 s:

T<I1. . (16)

3.3. Numerical Results

By changing the value of c¢;, we can obtain the opti-
mal solutions for the soft landing and the stiff one. The
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Fig. 5. Time histories of joint angular velocities (Case 1).

solutions for different values of ¢; will be obtained by nu-
merical optimization. To find the optimal values of J¢,
the MATLAB function, fmincon, was used. The lengths
of four links of the robot are chosen as 0.07 m, 0.3 m,
0.3 m and 0.2 m. The masses of the links are set to be
0.9 kg, 1.0 kg, 1.0 kg and 5 kg respectively. The thickness
and parameters of the shock-absorbing pad are chosen as
Ypad = 0.01 m, ky, = 4.0 x 10° N/m, dy = 600 Ns/m and
d, = 500 Ns/m respectively. The initial downward veloc-
ity of the robot v; is set to be 1.5 m/s.

The numerical optimization was performed in two
cases, Case 1 and Case 2, where the weight c; is set to
be 0 and 1 respectively.

Casel: Joc=W,

The motion obtained by numerical simulation is shown
in Fig. 4 where the postures of the robot are drawn at ev-
ery T/5 s. The time histories of joint angular velocities
and joint torques are shown in Figs. 5 and 6 respectively.
The work done by each joint is calculated from them as
shown in Fig. 7. The values of W| and W, for the ob-
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(Case 1).

tained motion are 1192.3 N and 4.03 N?m?s. The optimal
duration time 7 is 0.538 s.

From Fig. 4, the initial posture of the robot is close
to the singular configuration that the leg is stretched out.
After the first contact between the foot and the ground, the
absolute values of 6, and T, increase intensely in Figs. 5
and 6, while the others are relatively small during landing.
Thus, the absolute value of work done by 7, is much larger
than by 73 and 74 as in Fig. 7. That is, a large part of the
kinetic energy of robot is absorbed at Joint 2 to stop the
landing motion.

Case2: Jc=W+W,

The motion obtained by numerical simulation is shown
in Fig. 8 where the postures of the robot are drawn at ev-
ery T /5 s. Figs. 9, 10, and 11 show the time histories of
joint angular velocities, joint torques and work done by
joint torques respectively. The values of W) and W, for
the obtained motion are 377.4 N and 65.4 N’>m?s. The
optimal duration time 7 is 0.496 s.

35



Wan, X., Urakubo, T., and Tada, Y.

—&— initial posture
0.9 —©— final posture |
0.8r

0.7+

0.6

0.4r
0.3
0.2}

0.1

-05 -04 -03 -02 -01 0 01 02 03 04 05

Fig. 8. Optimal motion of a legged robot (Case 2.)

50

401 7792*

30}

O[rad/s]

0:1 0:2 0:3 0:4
ts]

Fig. 9. Time histories of joint angular velocities (Case 2).

At the initial posture, Joint 2 is flexed more than in
Case 1. The impact force and the value of W; are smaller
than in Case 1, while the joint torque 7, absorbs less en-
ergy. The energy of the robot is also absorbed by the joint
torques 73 and 74 as shown in Fig. 11.

4. Impact Dynamics with a Simple Model

The numerical results in Section 3.3 show that the ini-
tial posture where Joint 2 is more flexed reduces the im-
pact force, while the one with smaller 8, makes the time
integral of joint torques smaller. The impact force has
been investigated so far based on the discontinuous im-
pact model where the impact occurs in an infinitesimally
small period, and it is well known that flexed postures are
advantageous in reducing the impact force [8]. In this sec-
tion, we analyze the dynamic behavior of the robot at the
impact instance by using a simplified model of the legged
robot. The analytical results will explain not only the im-
pact force but also the joint angular velocity right after
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the impact. For a larger joint angular velocity, the joint
torque necessary to absorb the kinetic energy of the robot
is smaller.

We consider a simple model of a legged robot as shown
in Fig. 12. The leg is composed of two links, Links 1 and
2, and the torso is modeled as a heavy mass point attached
at the top end of the leg. The mass and length of Link 7 are
denoted as m,; and /,; respectively (i = 1,2), and the mass
of the torso is m,,. The moment of inertia and the distance
from Joint i to the center of mass for Link i are expressed
by I,; and l,;. The bottom end of the leg is supposed to
be a contact point, and its position is expressed as p, =
[xp,y5]7. The position of the top end is denoted as p, =
[Xe,Ye]T. In a similar manner as in Section 2, the angles
and the joint torques are denoted as 6,; and 7, (i = 1,2),
and expressed in vector forms as 0, = [0,1,0,2]", T, =
[0, ’L'az]T, noting that 7,; = 0. The generalized coordinates
and generalized forces for the system can be represented
asq=[p},0]]" and T =1(0,0,0,7,]".

The variables just before and after the collision with
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Fig. 12. Simple model of a legged robot with a heavy mass
point (torso).

the ground are denoted by superscripts — and + respec-
tively. Similarly as in Eq. (1), the generalized velocities

are chosen as 8, = [0,0]” and p, = [0,—,]”. The an-

gular velocity 9: and the impulse applied at the contact
point will be analyzed under the following assumptions:

1) A perfectly inelastic collision occurs; the velocity of
the bottom end of the robot becomes zero just after
collision, that is, p;” = [0,0]".

2) The mass of the torso is much larger than the ones of
Links 1 and 2, namely, m,, > mg1,mg).

The equation of motion for the robot is expressed as
follows:

M(q)§+h(q,q)+t,=t+JFF, . . . . (17)
where
M—{M} Mz], (18)
ML M;
M= { m“1+”(1)“2+mw ma1+ﬂ?a2+mw » (19)
My = madg +mado+mud., . . . . . (20)
Ms=M,+m,J'J,. . ... ... ..@2D

The matrix M, is the inertia matrix of the leg composed
of two links, and does not include the inertia of the heavy
mass point. The matrices Jj, Jo1, J 2, J are the Jacobian
matrices with respect to p,, the mass centers of Link 1
and Link 2, and p,, respectively. Note that J;, and J, are
expressed as

1 0 00
J”[0100]’ (22)
J— [ceal —$0,1 } {lal +1:2¢002 112¢O2 23
$6,1 cOy 12862 l;ps6,n

where cx and s+ mean cos(x) and sin(x). The vector F =
[Fy, Fy]T is the ground reaction force.

In a similar way as in [9], we assume that the impact
with the ground occurs in an infinitesimally small period
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Fig. 13. Range of postures: from posture A to posture B.

of time &t and a finite translational momentum F is sup-
plied from F during the period. Integrating Eq. (17) dur-
ing the period, we obtain the following equation:

ot

Jim (M(q)g+h(q,q)+7,)
t—0Jt=0

ot

= lim [ (t+JLF). (28

6t—0.J1=0
The above equation is rewritten as

M(q)(qg*—q ) =J}F. . (25)

From the assumption 1) and Eq. (25), the impulse F is
derived as

F=—JM U 04. . (26)
By substituting Eq. (26) into Eq. (25), ¢ is obtained as
g7 = (xa —MITIM I TG . @)
By using Egs. (18) and (22), the impulse and the joint
angular velocity just after the collision are represented as
F =—(M,-MM;'MY)p,
——(Mip, -My0)), . . .. ... (28

+
a

From Egs. (28) and (29), the values of F and 9: are
varied by the posture of the robot 8, and the link param-

eters such as /,; and l,5. The solutions of F and 9: in
Egs. (28) and (29) are a little complicated to understand
their variations for all the joint angles 6, and all the link
lengths /1 and /. In this section, we will investigate their
variations under the following conditions:

6, =M;'Mp, . . (29)

lat = Lz, 62 = —26041, 0 < 0 < % rad. . . (30)

The posture of the robot with the conditions can be
changed from posture A to posture B as shown in Fig. 13,
keeping the position of the mass point just above the con-
tact point. For posture B, the leg is in the singular config-
uration with 6,; = 0 rad and the matrix J, is singular.
From the assumption 2), Eqgs. (29) and (30), the approx-
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imate solution of @, can be obtained as

2my gy ves(1 —s%)
ot — l 6, 4my 252 (1 —s)+K
a ~— .
0.

a

, 3D

—4mylvis(1 —s?)
4my, 2 s2(1 —s2) +K

where K = my l§1 +mgp (I — lg2)2 +1,1 +1,» and the vari-
able s is defined as s = sin 8,;. Under Eq. (30), the range
of s satisfies 0 < s < \/Z/ 2. Posture A and posture B
correspond to s = V2 /2 and s = 0 respectively. By sub-
stituting Eq. (31) into Eq. (28), the vertical impulse £, can
be approximately calculated as

- 4m2 2, v,s? (1 — 52)

F, ~m,v, — W al )
YU 4 252 (1 - 52) + K

. (32)

Furthermore, the kinetic energy of the robot just after the

collision, E* = (GITM3 6:) /2, can be calculated from
Eq. (31) as
2m2 12 v2s? (1 —52) 1 _
+ wial 't
~ ~ —v(myv, —F,) .(33
dmyl2s2(1—s2)+K 2 (v = Fy) - (33)

From Eq. (31), the variation of 9: can be seen explic-
itly. Noting that 6.5, = —26. in Eq. (31), we focus on the
behavior of 6, below. The absolute value of 8 is zero at
s = 0, and sharply increases as s becomes slightly larger.
The peak of || occurs at s = s* where

oo L [E
Nzlal mw‘

As s approaches v/2/2 from s*, |65| monotonically de-
creases. Therefore, 9;5\ has the maximum value for the
posture where s = s*. Since s* is small from Eq. (34) and
the assumption 2), the posture is close to posture B where
the leg is in a singular configuration. As a result, 9a+2|
has the maximum value at the posture close to the singu-
lar posture B, while it is zero at posture B. The profile of
9;5 as a function of s is drawn in Fig. 14, by using the

. (34)
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Table 1. Physical parameters for the simple model.

Lot 0.6 m lo 0.6 m
lg1 0.3m I 0.3m
I,y | 0.01 kgm? | I, | 0.01 kgm?
Mgl 1 kg my) 1 kg
iy 50 kg Vi 1.5 m/s
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Fig. 15. Variation of F, with respect to s.

physical parameters in Table 1.

From Eq. (32), F} has the maximum value at s = 0, and
monotonically decreases as s approaches v/2 /2. Thatis to
say, Fy increases as the posture becomes close to the sin-
gular posture B. Fig. 15 shows the profile Fy as a function
of s by using the physical parameters in Table 1.

Moreover, the similar behavior of 9';5 and Fy can be ob-
tained, even if 6, # —26,; and I, # l,». This is easily
verified by calculating their variations numerically by us-
ing Egs. (28) and (29).

As the above results, the posture where the leg is bent is
advantageous in reducing the impulse £, that would cor-
respond to Wy in Section 3. On the other hand, the posture
around s = s* can be useful for reducing the joint torques
necessary for the landing motion. For the simple model,
the rate of work done by joint torques after the impact can
be expressed as

P,=1r0,=1,00,. . (35)

Since |6.;| has the maximum value at s = s*, the kinetic
energy of the robot can be absorbed most efficiently by
T.o. The kinetic energy E™ also depends on the posture
as in Eq. (33). For the posture with s = s*, a part of the
kinetic energy E~ = (mg) + mgp +m,,)v?/2 is eliminated
by the inelastic collision with the ground, while almost all
the energy E~ remains as E™ for the posture close to pos-
ture A. Therefore, the posture around s = s*, that is close
to the singular posture B, is advantageous in reducing the
joint torque 7., that would correspond to W5 in Section 3.
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Fig. 16. Advantages of singular configuration for a two-link
robot.

5. Discussion

From the numerical results in Case 1 and the theoretical
results in Section 4, the amount of joint torques necessary
for the landing motion is reduced for the posture close to a
singular one. Singular configurations of a two-link robot
have two kinds of advantages in achieving tasks such as
holding and pulling heavy objects as shown in Fig. 16.
One is the advantage in statics; the robot can sustain a
large load at the end effector with small joint torques near
the singular configuration [19, 20]. The other is the advan-
tage in dynamics; the joint torques can absorb (or gener-
ate) energy the most efficiently, if the robot is in the sin-
gular configuration and the motion of the heavy object is
vertical [14-16].

As mentioned in Section 4, the kinetic energy E* for
the simple model depends on the posture as in Eq. (33).
For posture B where s = 0, E™ becomes zero, though the
impulse F; has the maximum value. From the assump-
tion 1) of the perfectly inelastic collision, all the energy
E~ is eliminated despite 7, = 0. The corresponding mo-
tion for the four-link legged robot in Section 2 is the mo-
tion where all the joints of the robot are fully extended
and the robot bounces on the ground multiple times until
all the energy E~ is eliminated. Although W, = 0O for the
motion, it was not found in the numerical optimization for
Case 1 from the constraints (14) and (16). Instead, for the
motion obtained in Case 1, non-zero E™ is provided to the
robot at the posture around s = s*, and W, is reduced by
using the dynamic advantage.

Regarding the subsystem composed of three links,
Links 2, 3 and 4, as one link, the four-link legged robot
can be considered as a simple model composed of Link 1
and the subsystem. From Eq. (29), we can obtain numer-
ically the value of 6, that maximizes |65 for the sim-
ple model. The obtained value 6, is 0.69 rad, while the
corresponding values in Cases 1 and 2 are 0.47 rad and
1.15 rad. In Case 1, 6, at the initial posture is close to

%, 1657 | (= |0,;|) becomes large after collision as shown
in Fig. 5, and the joint torque 7, absorbs the kinetic energy
of the robot efficiently as shown in Fig. 7. On the other
hand, in Case 2, 9'; \ is much smaller than in Case 1 as
shown in Fig. 9. The absorption of energy at Joint 2 is not
sufficient to stop the motion of the robot, and the torques
73 and 74 also absorb the energy as shown in Fig. 11.
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It should be noted that the value of cost function W5 also
depends on the posture of the robot around the end time.
Since the robot is in the contact state (d) around the end
time, the posture of the subsystem composed of Links 2, 3
and 4 affects highly the joint torques necessary to sustain
the heavy torso. In Case 1, the posture of the subsystem
is kept near the singular posture where the three links are
aligned in a straight line, and the joint torques become
very small around the end time from the static advantage
of singular configurations as shown in Fig. 6. In Case 2,
the posture of the subsystem is far from the singular one
around the end time, and large joint torques continue to
be required as shown in Fig. 10.

Moreover, optimization results for other values of ¢
show that, as the value of ¢ approaches 0, the obtained
optimal motion becomes similar to the one in Case 1. For
the value of ¢ larger than 1, the optimal motion is almost
the same as in Case 2.

6. Conclusion

In this paper, we solved the optimal landing problem
for a four-link legged robot where the cost function is cho-
sen as a weighted sum of the peak vertical ground reaction
force and the joint torques during the motion. Numeri-
cal optimization results with different weights for the cost
function show that the posture of the leg close to a sin-
gular posture is useful for reducing the joint torques dur-
ing landing, while the flexion of the leg is advantageous
for reducing the reaction force. Those results were ex-
plained by a theoretical analysis for a simplified model of
the legged robot.
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