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While the majority of industrial manipulators cur-
rently in use only need to perform autonomous motion,
future generations of cooperative robots will also have
to execute cooperative motion and intelligently react
to contacts. These extended behaviours are essential
to enable safe and effective physical Human-Robot
Interaction (pHRI). However, they will inevitably re-
sult in an increase of the controller complexity. This
paper presents a single variable admittance control
scheme that handles the three modes of operation,
thereby minimizing the complexity of the controller.
First, the adaptative admittance controller previously
proposed by the authors for cooperative motion is
recalled. Then, a novel implementation of variable
admittance control for the generation of smooth au-
tonomous motion including reaction to collisions any-
where on the robot is presented. Finally, it is shown
how the control equations for these three modes of
operation can be simply unified into a unique control
scheme.

Keywords: physical human-robot interaction, admit-
tance control, impedance control, collision avoidance

1. Introduction

Over the last decade, the dynamic performances of
commercially available robots have increased while their
cost has significantly reduced. However, their general
capabilities have remained virtually unchanged. Indeed,
they are still mainly confined to performing free-space
motion such as pick and place or trajectory tracking. A
next logical step in the path towards more advanced robots
is to bring them into our own environment so that they
can directly assist humans in the achievement of more
complex tasks. Combining the robot’s powerful and pre-
cise motion capabilities with the human intelligence and
adaptability could lead to an efficient synergy that would
benefit many areas such as surgery [1], health care for the
elderly [2] and manufacturing [3].

However, there are still many challenges on the road

to achieving an efficient physical Human-Robot Interac-
tion (pHRI) [4]. These challenges are mainly related to
safety [5] and to developing robot capabilities. The en-
hancement of the robot capabilities usually leads to an in-
crease in the complexity of the robot controllers. Indeed,
while conventional manipulators were mainly controlled
to produce autonomous motion, a cooperative robot needs
to be controlled in at least three operation modes. First,
these robots need to perform cooperative motion with hu-
man beings [6]. Also, they need to be capable of perform-
ing autonomous motion in subtasks that do not involve a
human [7]. Finally, with appropriate sensing, they have to
provide contact reaction in order to safely and intuitively
move away from unwanted contacts [8].

In this paper, we propose an approach to tackle these
three operation modes with a single admittance control
scheme. The main objective is to reduce the complex-
ity of the controller and to avoid the transition of con-
trol schemes between the different operation modes. First,
the adaptative admittance controller proposed by the au-
thors in [9] for safe and intuitive cooperative motion is
recalled. Then, admittance controllers are introduced for
autonomous motion and contact reaction. Finally, the
three control algorithms are combined into a single set of
equations. Fig. 1 provides a general idea of the final con-
troller structure. In the last section, experimental results
obtained with a parallel manipulator is presented in order
to show the impact of the proposed controller.

2. Cooperative Motion

The most important mode of operation for a cooper-
ative robot is clearly cooperative motion. In this mode,
the robot is physically guided by a human in order to per-
form a joint task. A stable and intuitive admittance con-
troller for cooperative motion was proposed by the au-
thors in [9]. This section briefly recalls the latter control
scheme, which will be integrated here alongside with a
novel admittance controller for autonomous motion and
contact reaction into a single control scheme. A more de-
tailed presentation of the algorithm can be found in [9].
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Fig. 1. Structure of the proposed robot controller.

Impedance/admittance control is a way of linking
forces and motion via the introduction of a virtual model
between the two. The general form used for this model is
given by:

f = Mrp̈+Crṗ−Kr (p−pd) , . . . . . . (1)

where Mr,Cr and Kr are respectively the diagonal matri-
ces of virtual mass, damping and stiffness, f is the force
vector and p, ṗ, p̈ are the position vector and its deriva-
tives. If this equation is satisfied by feeding the force
(impedance) or the displacement (admittance), the robot
will exhibit a given behaviour prescribed by the param-
eters (Mr,Cr and Kr) of the model. Typically, in coop-
erative motion the virtual stiffness (Kr) is set to zero so
that the robot can freely follow humans without having a
spatial equilibrium point.

There are two main drawbacks associated with the use
of admittance control in the context of pHRI. First, using
a fixed virtual damping can lead to an inefficient coop-
eration. Indeed, if the damping is set to a low value the
robot will tend to easily accelerate but will be harder to
stop. The case of a high damping we lead to the opposite
effect. Therefore, it was proposed in [9] to adjust the vir-
tual damping online according to the human intention of
accelerating or decelerating. These intentions are inferred
using the time derivative of the forces measured. The cor-
responding matrix of variable damping coefficients is re-
ferred to as Cvi.

The second drawback of admittance control is related to
safety. Admittance control is known to become unstable
when facing a stiff environment [10]. This problems is
harder to solve in the context of pHRI since humans, who
act as the environment, have a variable stiffness. To solve

this problem a variable damping, noted Cc, that keeps the
robot stable, was introduced in [9]. The variable damping
is calculated using the equation of the stability frontier of
the admittance control scheme.

The control scheme proposed in [9] is an admittance
controller that uses the above two dampings. In this
scheme, the variable damping Cvi is used as long as it is
larger than the critically stable damping Cc. The decision
on which damping matrix should be used is made based
on a test on the positive definiteness of a matrix written
as:

D = GTCviG−Cc. . . . . . . . . . . (2)

If this matrix is positive definite or positive semi-definite,
the pre-assigned virtual dynamics allows the closed-loop
system to remain dissipative and thus, the original pa-
rameters can be kept. However, if D becomes negative
definite, the critical damping coefficients are used in the
impedance damping matrix – instead of the pre-assigned
coefficients – in order to prevent energy build-up.

However, verifying the positive definiteness of matrix
D using the well-known Sylvester criterion can be time
consuming since it requires computing the determinant of
all the sub-matrices. A more efficient way to use this cri-
terion is to compute a LU factorization of matrix D and to
use the sign of the pivots to conclude on positive definite-
ness. Using this approach, two scalar indices are defined.
When these scalar indices are equal, it can be concluded
that matrix D is positive definite or at least semi-positive
definite. Using Einstein’s convention for summation, the
two scalar indices can be written as:

e = Li jδ i j +Ui jδ i j . . . . . . . . . . . (3)

and

e∗ = abs(Li j)δ i j + abs(Ui j)δ i j. . . . . . (4)

Applying the Kronecker delta on these indices gives us a
simple and clear numerical answer on the positive defi-
niteness of matrix D. This answer takes the form:

δe,e∗ =

{
1, if e = e∗
0, if e �= e∗. . . . . . . . . . (5)

Finally using these indices a complete, safe, stable and
intuitive control solution for cooperative motion was pro-
posed. The resulting control equation is:

f = Mp̈+[δe,e∗Cvi +(1−δe,e∗)Cs] ṗ . . . . (6)

where Cs is the stable damping matrix to be applied,
which slightly differs from the critically stable damping
matrix Cc.

3. Autonomous Motion

Even if a robot has the capability of physically inter-
acting with a human, it may be used to perform some
tasks or subtasks autonomously. When performing au-
tonomous motion, cooperative robots should behave sim-
ilarly to conventional manipulators, i.e., to be position
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controlled. One solution to this problem is to use conven-
tional position control with trajectory planning for pick
and place tasks. However, using this approach requires a
sudden change of control scheme, going from admittance
control (that is often implemented with a low-level veloc-
ity controller) to a path planning algorithm that uses a low
level position control. In order to enable autonomous mo-
tion while keeping a unique control algorithm, this section
proposes a new way of using the impedance virtual stiff-
ness to effectively generate autonomous pick and place
motion.

As shown in the preceding section, the virtual stiffness
coefficient of the general impedance/admittance equation
– Eq. (1) – is usually set to zero during cooperative mo-
tion. In doing so, the equation admits infinitely many spa-
tial equilibrium points, which allows the robot to become
a passive follower. This behaviour is exactly what is ex-
pected for robots in the cooperation mode. Indeed, during
this kind of task, the human leads the motion. However,
in autonomous mode, the robot has to be more active and
generate the motion. Setting the stiffness term – Kr in
Eq. (1) – to a nonzero value will add an equilibrium point
at pd , which will generate an attractive field that will drive
the robot motion in the appropriate direction.

Similar approaches have been widely used in robotics
for decades. Indeed, when considered from a different
perspective, this approach can be seen as a Cartesian PID
controller. However, used with a single value Kr and
with the final destination of the trajectory directly as the
equilibrium point pd , this method will generate a rather
awkward motion that will start with a very high initial
velocity that will decrease along the trajectory. Instead,
such a control approach is typically used with a trajectory
planning algorithm that generates a successive series of
equilibrium points pd toward the final destination. In or-
der to minimize the difference between each control mode
and avoid trajectory planning per se, the proposed control
equation allows to directly set pd as the final destination
in Eq. (1) but in conjunction with a variable virtual stiff-
ness (Kr). This has the effect of generating an effective
and safe motion for any targeted posture of the robot.

Arimoto et al. presented a similar approach in [11], but
where virtual stiffness was fixed. One thing they showed
in their simulation is the importance of the joint damping
ratio on the quality of the motion produced. Indeed, the
ideal value of the stiffness Kr that will generate the de-
sired motion is dependent on the virtual damping param-
eters. If the damping is too low, an oscillatory behaviour
of the robot around the final destination point pd will be
observed. On the other hand, if the damping is too high,
an overdamped motion will result. Humans have the natu-
ral ability to adjust the stiffness of their arms using differ-
ent activation levels in antagonistic and agonistic muscles.
Some studies [12, 13] have shown that viscosity proper-
ties of the arm also simultaneously increase or decrease
with the stiffness to stabilize the motion. The investiga-
tion of the relationship between these two characteristics
reported in [13, 14] led to the conclusion that the damping
ratio is constant regardless of bi-articulate muscle activa-

tion level. This fact gives a direct relation between the
damping effect and the square root of the stiffness. In the
proposed approach we will use the same relation to adjust
the virtual damping in order to stabilize the motion.

The equation that links the damping ratio to a given
stiffness and damping is:

2ζ I = Cr (KrMr)
− 1

2 , . . . . . . . . . . (7)

where I is the identity matrix of the appropriate dimension
and ζ is the damping ratio. Based on the assumption that
this ratio is kept constant for any value of the stiffness, the
damping matrix is given by:

Cr = 2ζ (KrMr)
1
2 . . . . . . . . . . . (8)

Using this value of the damping, Eq. (1) can be rewritten
as:

f = Mrp̈+2ζ (KrMr)
1
2 ṗ−Kr (p−pd) = 0. (9)

The value of the stiffness Kr that will ensure that the ve-
locity of the robot remains under some safety limit vmax
is found when all the potential energy is dissipated by the
viscous force, i.e., when:

Mrp̈ = 0 . . . . . . . . . . . . . . . (10)

and

f = 0. . . . . . . . . . . . . . . . (11)

In this case, Eq. (9) is reduced at:

2ζ (KrMr)
1
2 ṗmax −Kr (p−pd) = 0. . . . (12)

This equation can be rewrite as:

2ζ (KrMr)
1
2 ṗmax = Kr (∆p) , . . . . . . . (13)

with

∆p = p−pd . . . . . . . . . . . . . . (14)

and

ṗmax =
vmax

‖∆p‖∆p. . . . . . . . . . . . (15)

Eq. (15) is key to appropriately scale the motion of each
axis. Setting each of the components of vector ṗmax to
the velocity limit vmax, will result in a non-synchronized
motion on each axis. In other words, the total trajectory
time on each axis will not be the same and the norm of
the robot velocity will be above the value of vmax. Fig. 2
shows that using Eq. (15), the proposed algorithms have
the capability to synchronize the motion on all axes with-
out requiring any specific reference to trajectory times.

Using the square of Eq. (13), the stiffness matrix that
generated motion where velocity is always under vmax can
be found as:

Kr = 4ζ ṖT
maxṖmaxMr

(
∆PT ∆P

)−1
, . . . . . (16)

where

∆P = diag(∆p) . . . . . . . . . . . . (17)
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Fig. 2. Automatic multi axis synchronisation.

and

Ṗmax = diag(ṗmax). . . . . . . . . . . (18)

Since p is the current position of the robot, the virtual
stiffness will be constantly changing. It will reach infinity
at the desired position pr, i.e., when ∆p = 0. Therefore
a maximum value of stiffness should be defined. In fact,
as demonstrated in [15], the variation of the stiffness is
similar to how humans control their own stiffness. When
a human is holding his hands far from the desired desti-
nation point, stiffness is typically low. However, the latter
will increase when the hands are getting closer to the final
destination.

Figure 3 shows an example of motion resulting from
the use of the proposed approach based, as well as two
other examples given by using a trapezoidal trajectory
and 5th order polynomial. These curves are not intended
to show any advantage of one methods over the others,
but rather to show that motions are continuous and sim-
ilar to those produced by other approaches. Indeed, the
advantage of the proposed method do not rely on any per-
formance improvement, but rather on the fact that it uses
the same control equation to address cooperative and au-
tonomous motion. This has the impact of greatly sim-
plifying the complexity of the final controller. The pro-
posed method has also an interesting feature that makes
the robot’s behavior potentially safer for humans. Indeed,
this algorithm generates its own motion in function of the
actual position and velocity of the robot, without ever re-
ferring to time. Conventional trajectory generation typi-
cally refers to a trajectory time. In most of these methods,
if an unwanted contact would temporarily immobilize the
robot, the reference point would continue its motion to-
wards the final destination. This would thus generating
a growing force that will result in a brutal motion when
the contact would be released. However, a robot whose
motions would be driven by the proposed control method
would just resume smoothly the movement using its ac-
tual position and velocity as initial condition.
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Fig. 3. Comparison of the motion obtained with the novel
approach with conventional position control based on trape-
zoidal and 5th order polynomial trajectories.

4. Contact Reaction

As mentioned in the introduction, an appropriate level
of safety is a necessary condition for the coexistence of
humans and robots in the same workspace. Cooperation
robots should in fact be designed so that they cannot seri-
ously hurt humans. However, from a control perspective,
it is essential that cooperation robots have the capability
to sense their surrounding environment and to react in ac-
cordance.

This section presents a way to react to contacts using
Cartesian admittance control at any point on the robot.
The capability of reacting to contacts should always have
the priority over the other two operation modes, namely
cooperation motion and autonomous motion. However,
for effectiveness, the controller should, as much as possi-
ble, try to continue to perform the task while reacting to
contacts. This will lead to a more efficient behaviour that
resembles that of humans, who can naturally adapt their
kinematics and dynamics to the surrounding environment
while performing a given task.

4.1. Contact Admittance for Passive Reaction
Even if admittance control is already used for control-

ling the end-effector behaviour of a robot, it should not
be directly extended to the entire body of the robot for
dealing with contact. Instead, it would be preferable to
define a new distinct admittance that would lead to a safe
behaviour during collisions. Indeed, contact admittance
should be specified according to safety considerations –
such as the maximum resulting virtual inertia during a col-
lision – while end-effector admittance/impedance is gen-
erally tuned to be more intuitive and effective for collab-
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orative manipulation.
Based on this premise, the expression for contact ad-

mittance is given by:

fc = Mcp̈c +Ccṗc, . . . . . . . . . . . (19)

where Mc and Cc are respectively the virtual mass and
damping that the robot should exhibit at a contact point
and where pc and its time derivatives are the Cartesian
position, velocity, and acceleration at this point.

In admittance control, the forces exerted by the user
are measured and it is the motion that is fed back to the
user. Therefore Eq. (19) can be solved in order to pro-
vide the reference position pc or its first or second deriva-
tive (ṗc, p̈c). In this work the robot velocity will be com-
manded in order to exploit the linear relation between
Cartesian and joint velocity:

ṗ = Jq̇. . . . . . . . . . . . . . . (20)

Using a zero-order hold with a sampling rate of Ts, the
discrete state resolution of Eq. (1) becomes

ṗc(k +1) = Aṗc(k)+TsM−1
c (fc(k)) , . . . . (21)

where

A =
(
1−TsM−1

c Cc
)
. . . . . . . . . . (22)

This equation of the Cartesian velocity that the robot
should exhibit at the point of contact to follow the de-
sired admittance, has the advantage of not involving the
measurement of p̈c, which can be very noisy and hard to
obtain.

In current robotics, the control being typically made at
the robot joint, the updated desired Cartesian velocity vec-
tor at the contact point given by Eq. (21) could be pro-
jected directly into this space. However, depending on if
the robot is redundant or not at the contact point regard-
ing the contact constraints, different methods can be used
to find the joint space velocity associated with this Carte-
sian speed. This problem will be included directly in the
control approaches presented above.

4.1.1. Admittance Parameters
Satisfying Eq. (21) at each point of the manipulator

would theoretically allow a passive and natural reaction
to any contact. Considering the complexity and the wide
range of reactions that humans exhibit for some given
contact, having a passive reaction based on an admittance
model is probably not sufficient for covering all ideal re-
actions to the complete spectrum of possible collision sce-
narios. However, using only the sense of touch, it is prob-
ably a good intuitive reaction to which other active and
nonlinear behaviours could be added.

Nevertheless, the resulting behaviour in terms of safety
and intuitiveness of the reaction will greatly depend on
the choice of the admittance parameters. It is not straight-
forward to define what should be the value of these pa-
rameters to maintain the contact forces under a given lim-
itation. On one hand, the parameters should reflect the
dynamic capabilities of the robot to render adequately the

virtual admittance during the impact. On the other hand,
the parameters will depend also on the mechanical prop-
erties (stiffness, coefficient of restitution) of the object or
human part in contact. However, using the physical mean-
ing of Eq. (21), it is possible to estimate the mass (mc)
and damping (cc) parameters that should be used. For a
mass moving at a certain velocity, the lower the mass is,
the more it will be damped, thereby reducing the kinetic
energy transferred at the impact.

4.1.2. Force Vector
Depending on the technique used to sense contact (e.g.,

robot skin, torque sensor at the joint, current at the ac-
tuator), in some cases it will be possible to sense multi-
ple contact points and in other cases, only the resultant
force. The processing of the output signals of such sen-
sors is outside the scope of this paper, but it can easily be
assumed that in both cases it will be possible to find an
equivalent force vector at an equivalent location.

Therefore, in this work, for a given contact on the ith

member of a robot, an equivalent force vector at the joint
connecting the ith and (i + 1)th members will be calcu-
lated. The contact admittance will thereafter be calcu-
lated for this point using this equivalent force vector and
Eq. (1), from which the proper reference velocity that the
robot should satisfy is found.

4.2. Satisfying Contact Admittance and End-
Effector Task

A straightforward approach would be to simply control
the robot at the contact point to satisfy the required ve-
locity vector given by the admittance model. However,
depending on where the contact occurs on the robot, it
is very likely that there will be several degrees of free-
dom (DOFs) above the contact point. In order to improve
effectiveness during human-robot cooperative tasks, it is
suggested here to use these extra DOFs to continue, as
much as possible, to perform the end-effector task. The
potential benefit of the application of this concept will be
to no longer consider contacts between a human and a
robot as an unwanted situation that requires an emergency
action, thereby enabling a more proactive cooperation.

4.2.1. Projection Matrix
Before going any further in the derivation of the con-

trol equations, some projection matrices need to be de-
fined. Regarding contact reaction, we aim at satisfying a
given admittance at a random contact point while trying
to continue a given end-effector task given from one of
the other two modes of operation. Except for the case in
which the contact occurs exactly at the end-effector point,
working with the constraints implies working in a sub-
space of the operational space. The first projection matrix
is used to project a vector or matrix from a space of di-
mension equal to the joint space of the robot to a space
of the dimension of the joint space of the contact manip-
ulator, i.e., the equivalent manipulator that goes from the
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base of the robot to the contact point. This matrix, noted
B, is defined as:

Bi j = δi j, . . . . . . . . . . . . . . . (23)

where the maximum value of i and j are respectively the
dimension of the joint space of the robot and of the num-
ber of joints located before the contact point.

Moreover, matrix L is defined as a matrix containing
the ‘missing’ columns of B, i.e., it forms a basis of the
left nullspace of B.

Using these projection matrices, a new Jacobian matrix
can be defined to be useful in what follows. This matrix
is the Jacobian of the manipulator from the based to the
contact point (contact Jacobian) and is given by:

Jc = J∗B . . . . . . . . . . . . . . . (24)

where J∗ is the Jacobian matrix obtained by setting to zero
the length of all the robot links located downstream from
the contact point in the Jacobian J of the manipulator and
where the sub-index c is used henceforth to denote the
membership of a parameter to the joint space of the con-
tact manipulator. Fig. 4 illustrates the meaning of the con-
tact Jacobian matrix.

Depending of the sensing capabilities of the robot, it
is possible that the dimensions of the Cartesian contact
space and the end-effector task space will differ. Indeed,
using for instance the output signals of many currently
proposed robot skin technologies [16–19], it would be
very difficult to infer a force/torque vector of more than
three components. If such sensing devices are mounted
on a robot with more than three degrees of freedom at the
end-effector, it is obvious that the dimension of the Carte-
sian contact space and the operational space will not be
the same.

Therefore, a projection matrix that projects the opera-
tional space of the robot onto the Cartesian contact space
should be defined. The components of this matrix, noted

V, are defined as:

Vi j = δi j, . . . . . . . . . . . . . . . (25)

where the maximum value of i and j are respectively the
dimension of the operational space (dim(ṗo)) of the robot
and the dimension of the contact space (dim(ṗc)) and δi j
is the Kronecker delta. Therefore, V is the matrix of the
spanning set of vectors in R

dim(ṗo) of the contact space
and it will be used as a projection between both spaces.

Matrix W is the matrix of the ‘missing’ columns of V
and therefore it forms a basis of the left nullspace of V.

For example, for a 4-DOF planar manipulator, if con-
tact occurs at the third member and the contact space is
of dimension 1, the four matrices defined above will have
the following form:

B =




1 0 0
0 1 0
0 0 1
0 0 0


 . . . . . . . . . . . . (26)

L =




0
0
0
1


 . . . . . . . . . . . . . . . (27)

V =

[
1
0

]
. . . . . . . . . . . . . . . (28)

and

W =

[
0
1

]
, . . . . . . . . . . . . . . (29)

where range(L) = ker(BT ) and range(W) = ker(VT ).

4.2.2. Satisfying Contact Constraints While Minimiz-
ing Deviation from End-Effector Task

Assuming that:

dim(ṗc) ≤ dim(ṗo) . . . . . . . . . . . (30)

and that:

rank(Jc) ≥ dim (ṗc) , . . . . . . . . . . (31)

the joint velocity vector of the contact manipulator that
satisfies the contact admittance can be separated into two
distinct parts, i.e., the part of the known components given
by a solution to the contact admittance velocity vector ṗc
and the part resulting from the other (dim(ṗ0)−dim(ṗc))
unknown constraints a:

q̇c = JI
c (Vṗc +Wa) . . . . . . . . . . (32)

Using this definition of q̇c, the complete joint velocity
vector of the manipulator can be expressed as:

q̇ = Bq̇c +Lq̇r = BJI
c (Vṗc +Wa)+Lq̇r, . . (33)

where q̇r is the vector in R
dim(R(Jr)) of the residual joint

velocity components. Projecting the joint velocity vec-
tor given by Eq. (33) onto the operational space using the
Jacobian of the manipulator J, it is possible to define an
optimization index that will be the norm of the difference
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between the desired operational velocity and the best end-
effector velocity vector that satisfies the contact require-
ments. The resulting index is written as:

min χ2
(qr ,a) =

[
Jq̇(qr ,a)− ṗo

]T [Jq̇(qr ,a)− ṗo
]

=
[
c(qr ,a)

]T [c(qr ,a)

]
, . . . . . (34)

with

c = JBJI
c (Vṗc +Wa)+JLq̇r − ṗo. . . . . (35)

This function, to be minimized, contains two unknown
vectors. To simplify the minimization procedure, an aug-
mented vector of unknowns is defined as:

u =

[
a
qr

]
. . . . . . . . . . . . . . (36)

Therefore, Eq. (35) can be rewritten as:

c =
(
JBJI

cVṗc − ṗo
)
+Mu, . . . . . . . . (37)

with

M =
[
JBJI

cW JL
]
. . . . . . . . . . (38)

This equation being linear in u, its minimum can be found
as:

grad χ2
u = 2MT [(JBJI

cVṗc − ṗo
)
+Mu

]
= 0. (39)

With some manipulations, the latter equation leads to an
expression of vectors u, namely:

u = −(
MT M

)I MT (JBJI
cVṗc − ṗo

)
. . . . (40)

Going back from u to the original vectors a and q̇r, the
value of the joint velocity vector can be found as:

q̇ = BJI
c (Vṗc +Wa)+Lq̇r . . . . . . . . (41)

with

a =
[
u1 · · · urank(W)

]T . . . . . . . . (42)

and

q̇r =
[
urank(W)+1 · · · uend

]T
. . . . . . (43)

Eq. (41) is a solution that satisfies the velocity vector at
the contact point given by the contact admittance equation
and that minimizes the deviation from the end-effector
task. With the introduction of matrices W and V, this
equation can also handle a contact velocity vector and an
end-effector task velocity vector of different dimensions.
This approach to solve the problem of contact reaction
is what we refer to as a safety priority approach as op-
posed to a task priority approach that would satisfy the
end-effector task but would minimize the deviation from
the desired velocity at the contact point. It should be noted
that a redundant manipulator is the ideal case for these al-
gorithms since with a high level of redundancy both con-
straints could be satisfied. In fact, the equation presented
above is applicable to both redundant or non-redundant
manipulators, but with different capabilities to continue
the end-effector task while reacting to the contact.

5. Unification of the Three Operative Mode

Control algorithms for the three modes of operation of a
cooperative manipulator have been independently defined
above. Since all these modes are controlled based on the
same control scheme, i.e., admittance control, this section
presents how they can be integrated into a unique set of
equations in order to simplify the controller.

As shown in Fig. 1, the cooperative motion mode and
the autonomous mode require the exact same admittance
equation but with different values for the damping and
stiffness parameters. To integrate both controller in the
same equation, a Heaviside function (H) is used. This
function will have a value of 0 when the robot is in the
cooperative mode and 1 when it is in autonomous motion
mode, i.e.:

H =

{
0 if cooperative
1 if autonomous. . . . . . . . . (44)

Using this Heaviside function, Eq. (6) can be modified to
become:

f = Mp̈+[δe,e∗C+(1−δe,e∗)Cs] ṗ−HK(p−pd), (45)

where

C =
(

H2ζ
√

KrMr +(1−H)Cvi

)
. . . . (46)

Eq. (45) can be solved similarly to what is presented in
Eq. (21), to find the end-effector velocity vector ṗo that
should be followed. Once this vector is known, it should
be integrated into Eq. (40) to calculate Eq. (41) and obtain
the resulting joint vector.

If there are no contacts on the body of the manipulator,
by definition, matrices B and Jc are zero while matrix L
is the identity matrix. In this case, the result of Eq. (41)
simply becomes:

q̇ =
(
JT J

)−1 JT ṗo = JIṗo. . . . . . . . (47)

Since the presented approach uses the Jacobian matrix or
a variation of the latter to generate the robot joint veloc-
ities, problematic behaviour should be expected around
singularities. It is outside the scope of this paper to pro-
vide robust solutions for the control of the manipulator
in singular configurations and many papers cover the lat-
ter topic. However, in our implementation of the algo-
rithms, the so-called singularity-robust inverse proposed
by Nakamura [20] was used to avoid singularity problems.

6. Experimentation

The presented control algorithm is a solution to pHRI
that can produce autonomous motions as well as perform
cooperative manipulation. In addition, this new controller
also leads to a safer physical interaction. Indeed, assum-
ing appropriate sensing, this algorithm provides a safe
and intuitive robot reaction to a contact by rendering a
given Cartesian admittance at a contact point while try-
ing to continue to perform a given end-effector task. Al-
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Fig. 5. Experimental setup: interaction between the simu-
lated robot and the real robot.

though, experiments presented in [9, 21, 22] demonstrated
the potential of the control solution to generate coopera-
tive motion and also simulations were presented in Sec-
tion 3 for autonomous motions, no experimental results
have yet demonstrated the capability of the proposed al-
gorithm to handle contact reaction. Therefore, in this sec-
tion, it is shown that the derived equations are effectively
capable of improving safety during human-robot physical
interaction.

6.1. Experimental Setup
Simulation can be sufficient to verify if the kinematic

reaction is as expected. However, part of this work im-
plies interaction forces and the associated human percep-
tion that need to be experimentally verified. Therefore,
the following experiment is a combination of both: a sim-
ulation and a real human-robot interaction. A 4-DOF pla-
nar serial robot is simulated using RT-Lab, a real-time
control software based on Simulink. In this simulation,
the robot is controlled at the end-effector to follow an
arbitrary task. One of the points of this simulated robot
is being linked with a real manipulator that will follow
the exact kinematic displacement and that will also sense
the force and render the desired contact admittance. The
robot used to render this force is the Tripteron [23], a
3-DOF parallel robot that has excellent dynamic capabil-
ities (acceleration up to 7 G). This robot is a fully decou-
pled translational parallel manipulator and hence the Jaco-
bian matrix is the identity matrix in all configurations. In
the present context, this characteristic has the advantage
of limiting the potential pathological cases to the singu-
larities associated with the simulated 4-DOF serial robot.
The contact sensing is provided by a 6-DOF force sen-
sor mounted between the parallel robot and an impactor.
Fig. 5 shows the simulated robot and its interaction with
the real robot.

6.2. Experimenting Collision Between a Human
and a Robot

Using the experimental testbed described above, the ca-
pability of the presented approach to reduce collision im-
pact was investigated. The end-effector task was to main-
tain a velocity vector of 2.5 m/s in the x direction and
0 m/s in the y direction. During this task, a human sub-
ject was asked to maintain his arm in a given position and
at a given place in the workspace of the robot to serve as
an obstacle for the robot. From previous tests presented
in [24] it was a priori known that the subject could not
suffer any injury from the experiment and that the con-
tact in the worst case would be perhaps unpleasant but not
dangerous. The collision was set-up to occur in the simu-
lation at the extremity of the second member. At the mo-
ment of impact, the real robot was travelling at 0.89 m/s,
following exactly the velocity of the contact point of the
simulated robot. The robot was controlled using Eqs. (41)
and (45). Many collisions have been performed in order
to test various values of admittance parameters.

6.3. Results
Figure 6 shows three of the force curves obtained: one

corresponding to the case in which the robot does not react
to the collision and two others corresponding to a reaction
produced with two different sets of admittance parame-
ters. As expected, the collision force peak for the case in
which there are no collision sensing and reaction is above
the unified pain tolerance threshold defined in [25] as the
force limit at which humans start to feel discomfort. The
peak force in this case is 67.78 N. Moreover, on this curve
it can be also seen that after the collision there is a remain-
ing force that opens the door to the unwanted clamping
effect.

The other two curves show that using the approach pre-
sented in this paper, the collision force can be signifi-
cantly reduced if the admittance is tuned properly. In both
cases the resulting force peak is considerably lower than
the unified pain tolerance threshold. Also, like the results
with the admittance schemes reported in [26], the curves
clearly show that after the impact peak, the force quickly
decreases to return to zero, therefore cancelling the risk of
clamping.

On the human side, the feeling associated with this re-
action was way more intuitive and predictable than during
the experiment reported in [24] where the reaction was
simply to go as fast as possible in the direction opposite
to the contact.

As it was also predicted in the first section of this paper,
a low virtual mass and a high virtual damping produce a
lower collision force peak. Fig. 7 – where multiple tests
are reported with different sets of contact admittance –
clearly illustrates this effect. One may notice that below a
certain virtual mass or above a certain damping value, the
peak force does not continue to drop. This limitation ap-
pears to correspond to the maximum dynamic capabilities
of the robot used in the experiment. Beyond this limit,
the robot can no longer adequately render the desired ad-
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mittance during the impact. This limit on the admittance
should be known when implementing the proposed con-
trol scheme on a robot in order to adequately set the robot
behaviour. From a safety point of view, exceeding this
limit is not an issue. However, if the virtual mass is too
small or the virtual damping too large, the interaction will
be less effective. Therefore, the optimal contact admit-
tance would be a set that leads to an acceptable impact
force for the worst case and that will still be efficient and
intuitive during interaction. This observation opens the
door to variable contact admittance adjusted according to
the contact properties but this is outside the scope of this
paper.

7. Conclusion

In order to decrease the controller complexity of coop-
erative robots, we have proposed a single set of equations
based on admittance control that can dictate the robot be-
haviour in its three typical modes of operation, namely,
cooperation motion, autonomous motion, and contact re-
action. An approach proposed in a prior publication for
the control in the cooperation mode was first recalled.
Then a novel approach was presented to produce au-
tonomous motion and to efficiently react to contacts. Fi-
nally, it was shown how the equations to handle these
three modes can be combined to obtain a simple unified
control scheme.
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