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Reducing time cost of polishing process is a major is-
sue in metallic mold manufacturing. The feed rate,
i.e., tangential velocity, of a polishing robot is gener-
ally limited to maintain stable contact with workpieces
having a large curvature. We propose a feed rate gen-
erator using fuzzy reasoning for polishing robots that
regulates the feed rate along free-formed surfaces ap-
propriately. The smaller the curvature of the model
designed by a 3D CAD, the larger the distance be-
tween two adjacent cutter location data (CL data)
steps generated by the main processor of CAM. There-
fore, given curvature results in acquiring the distance
between two adjacent steps of CL data. We also pro-
pose a hybrid position/force controller with the feed
rate generator enabling the robot to conduct polishing
efficiently. Experiments show promising results.

Keywords: CAD/CAM, feed rate, fuzzy reasoning, hy-
brid position/force control, polishing robot

1. Introduction

Industrial robots have progressed dramatically in dif-
ferent industrial fields to where open-architecture indus-
trial robots with kinematics and servo control are being
developed. Using such robots, we can develop skillful
applications without conventional complicated teaching.
A 3-dimensional (3D) robot sander proposed for man-
ufacturing attractively designed furniture [1, 2] realized
nontaught operation concerning the position and orienta-
tion of the sanding tool attached to the robot arm. Other
several polishing robots using force controllers have also
been developed, enabling successful finishing in each
manufacturing process [3–7].

In poly ethylene terephthalate (PET) bottle mold man-
ufacturing, 3D CAD/CAM and NC machine tools are
widely used. These advanced systems have dramatically
streamlined metallic mold design and manufacture. The
polishing process following NC machining, however, has
yet to be automated due to the complex requirements of

free-formed surfaces that must be addressed in mold pol-
ishing. No advanced polishing robots have, to our knowl-
edge, been commercialized for metallic molds, due to
poor polishing quality, long cycle time, and complex oper-
ation. This means ongoing dependence on skilled workers
whose dexterous force and skillful trajectory control using
abrasive tools prevent automation. To automate the pol-
ishing process, we are developing a mold polishing robot,
focusing on reducing the cycle time of polishing process.

We propose a feed rate generator using fuzzy reason-
ing to shorten polishing time and design a hybrid posi-
tion/force controller with weak coupling. Feed rate is the
tangential velocity along a curved surface. To reduce to-
tal polishing time, the feed rate should be given as large
as possible according to the curvature of each workpiece.
A faster velocity is achievable within areas with smaller
curvature. A slower velocity must, however, be given to
suppress unstable behavior when the curvature is large.
Robot operators thus pay due attention to systematically
regulating during polishing, which is difficult. Our pro-
posed feed rate generator, which uses fuzzy reasoning,
gives appropriate feed rates based on the curvature. Ex-
periments confirmed the effectiveness and potential of the
proposed hybrid position/force controller using the feed
rate generator installed in a mold polishing robot.

2. Curvature Along Desired Trajectory

A target workpiece with a curved surface is generally
designed using 3D CAD/CAM, generating CL data via
the main-processor of CAM. CL data, originally used for
NC machine tools, consists of sequential cutting points
along a zigzag or whirl path on the model surface. In
this approach, desired trajectory r�k� � ℜ 6�1 at discrete
time k is generated along CL data calculated with a linear
approximation along a curved surface. The i-th step is
written by

P̃�i� � �Px�i� Py�i� Pz�i� Nx�i� Ny�i� Nz�i��
T . . (1)

�Nx�i��
2 ��Ny�i��

2 ��Nz�i��
2 � 1 . . . . (2)
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Object

Fig. 1. Relationship between CL data P̃�i� and desired tra-
jectory r�k�.

where P�i� � �Px�i� Py�i� Pz�i��T and N�i� �
�Nx�i� Ny�i� Nz�i��T are the position vector and nor-
malized orientation vector. r�k� is obtained by using
linear equations and feed rate. r�k� is represented by

r�k� �
�
xT

d �k� oT
d �k�

�T
. . . . . . . . . (3)

where xd�k� � �xdx�k� xdy�k� xdz�k��
T and od�k� �

�odα �k� odβ�k� odγ�k��
T are the position and orientation

components. r�k� is calculated using both CL data and
feed rate vt�k� represented by

vt�k� �
�
vt x�k� vty�k� vtz�k�

�T
. . . . . . . (4)

where �vt�k�� is regulated by the feed rate generator in the
next section and is constant during r�k� � �P̃�i�� P̃�i�1��.
The relationship between CL data P̃�i� and desired trajec-
tory r�k� is shown in Fig.1. Assuming r�k� � �P̃�i�� P̃�i�
1��, we obtain r�k� as follows, first deriving a direction
vector t�i� by

t�i� � P�i�1��P�i� . . . . . . . . . . (5)

so that each directional feed rate is obtained by

vt j�k� �
��vt�k�

�� t j�i���t�i�
�� � j � x�y�z�� . . . (6)

Using sampling width ∆t, each component of the desired
position xd�k� is given by

xd j�k� � xd j�k�1�� vt j�k�∆t � j � x�y�z�� (7)

Desired orientation od�k� is considered next. We define
two angles θ1�i��θ2�i� (Fig.2). θ1�i� and θ2�i� are the tool
angle of inclination and rotation. Using θ1�i� and θ2�i�,
each component of n�i� is represented by

α �i� � sinθ1�i�cosθ2�i� . . . . . . . . . (8)

β�i� � sinθ1�i�sinθ2�i� . . . . . . . . . (9)

γ�i� � cosθ1�i�� . . . . . . . . . (10)

Desired tool angles θr1�k�, θr2�k� of inclination and rota-
tion at discrete time k are calculated as

θr j�k� � θ j�i���θ j�i�1��θ j�i��

��xd�k��P�i�
����t�i�

��
. . . . . . . . . . . . . . (11)
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O

Fig. 2. Normalized tool vector n�i� represented by θ1�i� and
θ2�i� in robot base coordinates.

Pick feed

Pick feed direction

Fig. 3. Image of curvature and point density in CL data.

where j � 1�2. If Eq.(11) is substituted into Eqs.(8)-(10),
yielding

odα �k� � sinθr1�k�cosθr2�k� . . . . . . . (12)

odβ �k� � sinθr1�k�sinθr2�k� . . . . . . . (13)

odγ�k� � cosθr1�k�� . . . . . . . (14)

xd�k� and od�k� are used for the desired position and de-
sired force direction given to a workpiece.

The feed rate is the most important parameter for re-
ducing total polishing time. The feed rate should be as
large as possible, but if a workpiece has a large curva-
ture or the cutter path has small edges caused by constant
pick feed (Fig.3), then the stability of force control tends
to worsen. The main-processor of CAM calculates cut-
ter path P�i� with linear approximation so that the work-
piece can be machined within the tolerance of a designed
model. The larger the curvature, the higher its density.
Accordingly, given curvature results in acquiring distance
d�i� � �P�i � 1�� P�i�� between two adjacent steps of
CL data and its increment ∆d�i� � d�i� 1��d�i�. Fig.3
shows curvature and point density in CL data. In the next
section, we discuss a systematic feed rate control using
fuzzy reasoning.
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Table 1. Consequent constants for fuzzy reasoning. The upper table is tuned for d�i� and the lower for ∆d�i�. Note that v base �
vmax�vmin.

cA
1 cA

2 cA
3 cA

4 cA
5 cA

6

vmin �0�1vbase vmin �0�3vbase vmin �0�9vbase vmin �1�5vbase vmin �2�1vbase vmin �2�7vbase

cB
1 cB

2 cB
3 cB

4 cB
5 cB

6

�vmin �0�7vmin �0�3vmin 0�3vmin 0�7vmin vmin

3. Feed Rate Control Using Fuzzy Reasoning

We propose a fuzzy feed rate generator that produces
suitable feed rates based on d�i� and ∆d�i�. The fuzzy
feed rate generator consists of two simple fuzzy reason-
ing parts whose consequent parts are constant. When cur-
rent position x�k� � �x�k� y�k� z�k��T of an abrasive tool
at discrete time k is x�k� � �P�i��P�i�1��, feed rate norm
vnorm�i� and its compensation ∆vnorm�i� are estimated by

Rule 1 IF d�i� is Ã1, THEN vnorm�i� � cA
1

Rule 2 IF d�i� is Ã2, THEN vnorm�i� � cA
2

...
Rule L IF d�i� is ÃL, THEN vnorm�i� � cA

L

and

Rule 1 IF ∆d�i� is B̃1, THEN ∆vnorm�i� � cB
1

Rule 2 IF ∆d�i� is B̃2, THEN ∆vnorm�i� � cB
2

...
Rule L IF ∆d�i� is B̃L, THEN ∆vnorm�i� � cB

L

where Ã j� j � 1� � � � �L� and B̃ j are the j-th antecedent
fuzzy set for two fuzzy inputs d�i� and ∆d�i�; cA

j and cB
j

are consequent constants at the j-th rule; L is the fuzzy
rule number. The confidence of each antecedent at the
j-th rule is obtained by

ωA
j � µA j�d�i�� . . . . . . . . . . . . (15)

ωB
j � µB j�∆d�i�� . . . . . . . . . . . (16)

where µX��� denotes the confidence of a fuzzy set labeled
by X . The fuzzy feed rate and its compensation are calcu-
lated by

vnorm�i� �
∑L

j�1 cA
j ωA

j

∑L
k�1 ωA

k

. . . . . . . . . . (17)

∆vnorm�i� �
∑L

j�1 cB
j ωB

j

∑L
k�1 ωB

k

� . . . . . . . . . (18)

Resultant fuzzy feed rate ṽnorm�i� is estimated from

ṽnorm�i� � vnorm�i��∆vnorm�i�� . . . . . . (19)

ṽnorm�i� is substituted into feed rate norm �vt�k�� in
Eq.(6), yielding

vt j�k� � ṽnorm�i�
t j�i���t�i�

�� � j � x�y�z�� . . . (20)
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Fig. 4. Antecedent membership functions. Above is de-
signed for d�i� and below for ∆d�i�.

Figure 4 shows antecedent membership functions de-
signed for d�i� and ∆d�i�. The fuzzy set used is the fol-
lowing Gaussian membership function

µX �x� � exp�log�0�5��x�α �2β2� . . . . . (21)

where α is the center of the membership function and β
is the reciprocal of standard deviation. Reciprocals of
the standard deviation are 0.2 and 0.1. Corresponding
constants in the consequent part are listed in Table 1, in
which vmax and vmin are the maximum and minimum val-
ues for the feed rate estimated in advance; vbase denotes
vmax � vmin. These fuzzy rules are tuned based on the ex-
perience of a skilled operator. Note that the fuzzy reason-
ing part yields values larger than vmax and values smaller
than vmin with the d�i� and ∆d�i� combination.

4. Hybrid Position/Force Control with Weak
Coupling

4.1. Handling of Polishing Force

In the polishing strategy dealing with polishing force
[8, 9], polishing force is generated between an abrasive
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Fr (k)
Fr (k-1)

Fr (k-2)

Fr (k-3)f (k)

f (k-1) f (k-2) f (k-3)

Workpiece with curved surface

Abrasive tool

Fig. 5. Polishing force composed of contact force f and
kinetic friction force F r.

Arm tip
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Abrasive tool

Attachment

Polishing force

Fx
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Fz

F

My

Mx

Mz

Fig. 6. 6-DOF force/torque sensor fixed between arm tip
and abrasive tool attachment.

tool and a workpiece, and is the most important phys-
ical factor affecting polishing quality. Polishing force
F�k� � �Fx�k� Fy�k� Fz�k��T is assumed to result from con-
tact force f�k� � � fx�k� fy�k� fz�k��T and kinetic friction
force Fr�k� � �Frx�k� Fry�k� Frz�k��T (Fig.5), so F�k� is
written by

F�k� � Fr�k�� f�k�� . . . . . . . . . . (22)

To protect the mold surface against over-polishing, abra-
sive tool rotation is locked, and the workpiece is pol-
ished using kinetic friction force assumed to result from
Coulomb friction force and viscous friction force. Each
friction force is generated by contact force and tangential
velocity, respectively. F�k� consisting of Fr�k� in tangen-
tial direction and f�k� in normal direction is measured by
a 6 degree-of-freedom (DOF) force/torque sensor (Fig.6).
Error E�k� of polishing force magnitude is obtained by

E f �k� � Fd ��F�k�� . . . . . . . . . . (23)

where Fd is desired polishing force. Moment components
Mx�My, and Mz are not used in our proposal.

(b)Longitudinal path(a)Cross sectional path

Pick feed
Pick feed

Fig. 7. CL data generated by a 3D CAD/CAM.

4.2. Feedback Control of Polishing Force

We present hybrid position/force control with weak
coupling for polishing a curved workpiece. To avoid crit-
ical interference between the abrasive tool and the curved
workpiece, the orientation of the abrasive tool is main-
tained fixed to the z-axis in base coordinates. If a work-
piece has no overhang (Fig.5), a suitable contact point
between the ball-end abrasive tool and the workpiece is
maintained. Polishing is conducted by both the tangen-
tial velocity vt�k� and normal velocity vn�k� at the contact
point (Fig.5).

We have proposed an impedance model following force
control [1] for a 3D robot sander that flexibly sands woody
workpieces with curved surfaces. In our proposed hybrid
control, force control is applied only in the normal direc-
tion at the contact point, and the control law generates
velocity scalar vnormal�k� given by

vnormal�k� � vnormal�k�1� e
�

Bd
Md

∆t

�
�

e
�

Bd
Md

∆t
�1

�Kf

Bd

E f �k� . . (24)

where Kf is force feedback gain. Md and Bd are the de-
sired mass and desired damping coefficients. ∆t is sam-
pling width. Using vnormal�k�, normal velocity vector
vn�k� to control polishing force is represented by

vn�k� � vnormal�k�
od�k�

�od�k��
� . . . . . . . . (25)

4.3. Feedforward and Feedback Controls of Tool
Position

Molds used for PET bottle manufacturing are designed
and machined with 3D CAD/CAM systems and machin-
ing centers. CL data P̃�i� generated by the main-processor
of the CAM are used for the desired trajectory of the abra-
sive tool. The tool paths as shown in Fig.7 are calculated
in advance based on zigzag paths, and considered to be
desired trajectories at the tip of the abrasive tool. Note that
the cross-sectional and longitudinal paths have longitudi-
nal and cross-sectional constant pick feed. Fig.8 shows
the block diagram of the hybrid position/force control sys-
tem implemented in the polishing robot. The position of
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Fig. 8. Block diagram of hybrid position/force control.

the abrasive tool is controlled feedforwardly by tangen-
tial velocity vt�k� given by Eq.(20). vt�k� is given through
an open-loop action to avoid disturbing vn�k�. Polishing
force is feedback-controlled by vn�k�, which is perpendic-
ular to vt�k�. vn�k� is given in the normal direction refer-
encing od�k� as shown in Eq.(25). Note, however, that
using only vt�k� is not enough to execute desired trajec-
tory control along CL data: the abrasive tool cannot move
regularly, e.g., with a given pick feed of 0.2mm. To over-
come this problem, a simple position feedback loop with
small gains is added (Fig.8) so the abrasive tool does not
deviate from the desired trajectory. The position feedback
control law generates another velocity vp�k� given by

vp�k� � Sp

�
KpEp�k��Ki

k

∑
n�1

Ep�n�

�
. . . (26)

where Sp � diag�Spx�Spy�Spz� is the switch matrix to
construct coupling control in each direction. If Sp �
diag�1�1�1�, then coupling control is active in all direc-
tions. If Sp � diag�0�0�0�, then the position feedback
loop does not contribute to the force feedback loop in all
directions. Ep�k� � xd�k�� x�k� is position error, and
x�k� � �x�k� y�k� z�k��T is the position vector at the tip
of the abrasive tool obtained through forward kinemat-
ics. Kp � diag�Kpx�Kpy�Kpz� and Ki � diag�Kix�Kiy�Kiz�
are the position feedback gain and its integral gain matri-
ces. Each component of Kp and Ki must be carefully set
to small values to avoid disturbing the force control loop.
Velocities vn�k�, vt�k�, and vp�k� are summed and those
are given to the reference of the Cartesian-based servo
controller of the industrial robot. Six constraints, con-
sisting of 3-DOF positions and 3-DOF forces in a con-
straint frame, cannot be satisfied simultaneously [10], but
the delicate cooperation between the position and force
feedback loops is an important key to successfully achieve
robotic mold polishing.

5. Experiments

5.1. Experimental Setup

To evaluate the validity and effectiveness of the pro-
posed polishing robot, we conducted a basic polishing ex-

Fig. 9. Experimental setup based on industrial robot JS-10.

Table 2. Polishing conditions in using longitudinal path in
Fig.7.

Longitudinal pick feed (mm) 0�2
Radius of abrasive tool R (mm) 5
Grain size of abrasive tool �220� �320� �400
Rotational velocity of 6-th axis (Æ/s) 40 or �40
Rotational limits of 6-th axis �90Æ � θ6 � 90Æ

Desired polishing force Fd (kgf) 2
Desired mass coefficient Md (kgf�s2�mm) 0�01
Desired damping coefficient Bd (kgf�s�mm) 30
Force feedback gain in normal direction Kf 1
Position feedback P-gain Kpx�Kpy�Kpz 0�01� 0� 0�01
Position feedback I-gain Kix�Kiy�Kiz 0�0001� 0� 0�0001
Switch matrix Sp for coupling control diag�1�0�1�
Sampling width ∆t (ms) 10

periment using an aluminum mold machined by an NC
machine tool. The main objective of basic polishing is to
remove all cusp marks on the surface whose heights are
roughly 0.3mm. Basic polishing before finishing is one of
the most important processes in maximizing mirror fin-
ishing beauty. Fig.9 shows the industrial robot JS-10 with
open control architecture used in the experiment. The in-
dustrial robot provides several useful Windows API func-
tions such as velocity control and kinematics.

5.2. Polishing Conditions

The aluminum mold is fixed with a jig along the y-axis
in robot base coordinates. CL data used are generated
with a zigzag path longitudinally (Fig.7(b)). Since rota-
tion of the abrasive tool is locked and the polishing task is
conducted with kinetic friction force, the desired polish-
ing force is set to 2kgf. Locking of tool rotation does not
cause undesirable high-frequency vibration noise, which
is the most serious problem in allocating the force sen-
sor between the tip of the robot arm and the abrasive tool.
Other polishing conditions in using the path in Fig.7(b)
are listed in Table 2.
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Fig. 10. Experimental scene using the polishing robot.
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Fig. 11. Example of variable feed rate.

5.3. Polishing Task

Figure 10 shows polishing using the proposed robot.
When the polishing robot runs, the abrasive tool rotates
reciprocally at �40Æ/s using the 6-th axis of the robot so
the tool contour is abraded uniformly. If the abrasive tool
is uniformly abraded maintaining the ball-end shape, the
robot can keep up the initial performance of polishing.
Although the tool length gradually became shorter due
to abrasion, the force controller absorbed the uncertainty
of the tool length. Fig.11 shows results of the variable
feed rate generated by the fuzzy reasoning, in which the
zigzag path in Fig.7(b) is used. Above is d�i�, the middle
is ∆d�i�, and below is �vt�k�� generated by the proposed
fuzzy feed rate generator. vmax and vmin are 50mm/s and
10mm/s. We confirmed that the feed rate generator en-
abled the robot to reduce cycle time about 30% compared

Ra: 0.11
Ry: 1.09

Ra: 0.10
Ry: 1.60

Fig. 12. Curved surface after wiping with a cloth containing
polishing compound Cr2O3. Ra(µm) and Ry(µm) are arith-
metical mean roughness and maximum depth.

to without the generator. To obtain a higher quality sur-
face, another zigzag path (Fig.7(a)) was used for the basic
trajectory of the abrasive tool. The two passes shown in
Fig.7 were alternated.

The surface after polishing was evaluated visually and
by touch, confirming a successful surface without over-
polishing around the edges. Polishing force by the pro-
posed hybrid position/force controller was more uniform
on the average, than that of skilled workers, indicating
the high degree of effective polishing. Fig.12 shows the
curved surface after wiping with a cloth containing pol-
ishing compound Cr2O3.

6. Conclusions

We have proposed an advanced feed rate generator us-
ing fuzzy reasoning for polishing robots to suitably reg-
ulate the feed rate along a free-formed surface. The feed
rate generator determines the magnitude of variable ve-
locity based on the curvature of each workpiece. We also
designed a hybrid position/force controller for use with
the feed rate generator. A mold polishing robot using the
hybrid controller shortened cycle time during polishing of
one workpiece dramatically to about 30% compared to the
hybrid controller without the feed rate generator.
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