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This paper clarifies that inference based on o-cut and
generalized mean (a-GEMII) is effective in suppress-
ing consequence deviations. The suppression effect
of o-GEMII is numerically evaluated in comparison
to conventional inference based on the Compositional
Rule of Inference (CRI). CRI-based parallel inference
causes discontinuous deviations in the least upper and
greatest lower bounds of deduced fuzzy sets even when
it models the continuous input-output relation of a sys-
tem and given facts change continuously. In contrast,
a-GEMII can suppress the deviations because of its
schemes originally developed for constraint propaga-
tion control. In simulations, indices are defined for
numerically evaluating the degree to which deduced
consequences follow the change in fuzzy outputs of
given systems. Simulation results show that a-GEMII
is effective in suppressing the deviations, compared to
CRI-based parallel inference. In effective use of the
schemes for suppressing the consequence deviations,
a-GEMII can be applied to nonlinear prediction fil-
ters for complex time series, especially with fluctua-
tions that do not always originate from a correlation
between time series data.

Keywords: fuzzy inference, convex fuzzy set, a-cut,
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1. Introduction

Convex fuzzy sets provide the base to cope with fuzzy
numerical information [1] and play a major role in pre-
senting the comprehensibility of fuzzy modeling [2]. An-
tecedent and consequent parts of fuzzy rules are often de-
fined by convex fuzzy sets [3,4]. Fuzzy partitioning is
also conducted by convex fuzzy sets [5].

The base of fuzzy inference has been presented by the
Compositional Rule of Inference (CRI) [6,7]. The con-
ventional methods of parallel fuzzy inference, based on
CRI, may deduce consequences in non-convex forms even
if the consequent parts of fuzzy rules are all defined by
convex fuzzy sets for representing fuzzy numerical in-
formation. Then, it may require to translate the conse-
quences into convex fuzzy sets in order to treat them as
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with a disjunctive operator
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Fig. 1. Inference consequence deduced with sparsely placed
fuzzy sets and the problem in its use with the other fuzzy
system.

fuzzy numbers, especially when the consequent parts of
fuzzy rules are sparse [8].

Figure 1 exemplifies the difficulty in using an infer-
ence consequence in the non-convex form. In the figure,
the conventional fuzzy inference is supposed to be based
on the max-min composition and the aggregation with
the maximum operation, as an example. The inference
consequence Q in the figure consists of sparsely placed
fuzzy sets which may stem from sparsely placed conse-
quent parts of the fuzzy rules.

The consequences with sparsely placed fuzzy sets are
possibly obtained when functions, to be approximated by
fuzzy inference schemes, vary largely at the range where a
small number of fuzzy rules are assigned to reduce mem-
ory resources or computational cost. They may also be
obtained in the course of fuzzy rule adaptation. If a larger
number of fuzzy rules can be added among the sparsely
placed fuzzy sets of consequent parts, the fuzzy sets may
appear among the sparsely placed fuzzy sets in deduced
consequences, not outside of them.

In such situation, if it is necessary to satisfy both O and
the fuzzy constraint A given by the other fuzzy system as
shown in Fig. 1, no information is obtained from the con-
junctive operation N between Q and A. In this case, fuzzy
information must implicitly exist between the sparsely
placed fuzzy sets in Q and therefore the conjunctive oper-
ation N between O and A may provide some information.
In order to avoid such problems, inference consequences
are required to be convex fuzzy sets so as to interpolate
the sparsely placed fuzzy sets in Q while the fuzziness and
specificity of the consequences are controlled to overlap
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Consequence aggregated
with a disjunctive operator in the k-th stage
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Fuzzy set in the antecedent part of
the j-th fuzzy rule in the (k+1)-th stage

Fig. 2. Inference consequence Q) deduced with sparsely
placed fuzzy sets in the k-th stage and the problem in its use
as a given fact in the (k+ 1)-th stage.
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Fig. 3. Inference consequence Oy deduced with overlapped
fuzzy sets in the k-th stage and the problem in its use as a
given fact in the (k+ 1)-th stage.

O appropriately. The overlapping is to reflect the distri-
bution forms of fuzzy sets in consequent parts of fuzzy
rules and compatibility degrees to the forms of deduced
consequences.

Moreover, the non-convexity of consequences causes
problems in multistage-parallel fuzzy inference based on
CRI, especially when fuzzy sets in the consequent parts
of fuzzy rules are sparse. Fig. 2 exemplifies the difficulty
in giving a consequence in the non-convex form as a fact
to the next stage. In this example, the conventional fuzzy
inference is supposed to be based on the max-min compo-
sition and the aggregation with the maximum operation.
In Fig. 2, the inference consequence Oy, deduced in the
k-th stage, consists of sparsely placed fuzzy sets possibly
due to sparsely placed fuzzy sets in the consequent parts
of the fuzzy rules in the k-th stage.

In such situation as exemplified in Fig. 2, the compat-
ibility degree becomes zero between Qy and the fuzzy
set Pj ;41 in the antecedent part of the j-th fuzzy rule in
the (k+ 1)-th stage. As a result, the j-th fuzzy rule in
the (k+ 1)-th stage is not activated. In this case, how-
ever, fuzzy information must implicitly exist between the
sparsely placed fuzzy sets in Oy and therefore the con-
junctive operation N between Oy and Pj j+1 may provide
a non-zero compatibility degree which activates the j-th
fuzzy rule in the (k+ 1)-th stage.

Figure 3 exemplifies the other viewpoint of the prob-
lem in non-convex consequences. In this example, the
consequence Oy consists of fuzzy sets overlapped with
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each other. As Py is placed near to the fuzzy set
with the largest compatibility degree in Ok, compared
with Pj i, 1, the compatibility degree between Oy and
Pj 141 is expected to be larger than that between Oy and
Pjr k4 1. The non-convex form of consequence Ok, how-
ever, causes the compatibility degree between Qy and
Pj j+1 not to be larger than that between Oy and Pjt k1.

In order to solve the problems of non-convex conse-
quences in multistage-parallel fuzzy inference based on
CRI, inference consequences are required to be convex
fuzzy sets so as to interpolate the fuzzy sets aggregated in
the consequence Q; while the fuzziness and specificity of
the consequences are controlled to overlap Oy appropri-
ately. The overlapping is to reflect compatibility degrees
to the forms of deduced consequences, considering the
distribution forms of fuzzy sets in the consequent parts of
fuzzy rules.

The considerations on the related works are as follows:
V. G. Kaburlasos et al. studied fuzzy interval numbers
based on generalized intervals in the lattice theory frame-
work [9]. The generalized intervals can be viewed as an
extension of conventional ¢-cuts. They also proposed a
metric with tunable nonlinearities [10—12] which provide
valuable methods to design fuzzy systems. Then, they
proposed novel fuzzy inference methods [10, 11] which
may effectively alleviate the curse of dimensionality prob-
lems regarding the number of rules in a fuzzy inference
system.

S.-Q. Fan et al. proposed the lower and upper approxi-
mate fuzzy-inference methods based on the fuzzy concept
lattice [13]. They pointed out that the combined use of the
two methods will make the fuzzy inference more precise.
K. Uehara proposed an inference method on the basis of
the weighted average of fuzzy sets. This method provides
a learning scheme for fuzzy exemplars while guarantee-
ing convexity in deduced consequences [14]. Y.-Z. Zhang
and H.-X. Li proposed fuzzy inference methods based on
variable weighted synthesis [15]. Some models with the
methods can be viewed as the extensions of conventional
fuzzy inference based on CRI.

The inference methods proposed in the related works
mentioned above, however, do not include the control
schemes for fuzziness and specificity in deduced conse-
quences while guaranteeing convexity in deduced conse-
quences. Then, the methods cannot reflect the distribu-
tion forms of fuzzy sets in the consequent parts of fuzzy
rules to the forms of deduced consequences while convex-
ity in deduced consequences is guaranteed. The distribu-
tion forms give the weight information of knowledge in
the universes of discourse and therefore they are required
to be reflected to the forms of deduced consequences.

Z. Huang and Q. Shen proposed fuzzy interpolative rea-
soning via scale and move transformations [16, 17]. The
transformations also contribute to guaranteeing the con-
vexity of deduced consequences in interpolative opera-
tions. K. W. Wong et al. proposed fuzzy rule interpola-
tion for multidimensional input spaces [18]. In the fuzzy
rule interpolation, deduced consequences can be obtained
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in convex forms. The interpolative reasoning, however,
does not reflect the distribution forms of fuzzy sets in the
consequent parts of fuzzy rules to the forms of deduced
consequences. This is because its original sake is put
on reasoning with sparse fuzzy rules, i.e., the interpola-
tion between the forms of fuzzy sets in the consequent
parts of fuzzy rules adjacent to given facts. Therefore,
the forms of deduced consequences cannot be reflected
by the distribution forms of fuzzy sets in the consequent
parts. For example, even if fuzzy sets in consequent parts
of activated fuzzy rules are distributed widely in the uni-
verses of discourse, fuzziness and specificity of deduced
consequences do not become larger and smaller, respec-
tively. Although conventional fuzzy inference, based on
CRI, provides such reflection, it cannot guarantee the con-
vexity of deduced consequences as described earlier. In
addition, CRI-based parallel inference has the other prob-
lems as discussed in the following.

In conventional fuzzy inference based on CRI, fuzzy
constraint propagation leads to larger fuzziness and
smaller specificity of deduced consequences compared
with those of the consequent parts of fuzzy rules. It
can be seen as agreeable properties from the viewpoints
of human inference. Conventional parallel fuzzy infer-
ence, however, tends to cause excessive fuzziness increase
and specificity decrease in deduced consequences, which
also leads to fuzziness explosion and specificity disper-
sion in multistage-parallel fuzzy inference [19-21]. The
problems mentioned above arise from aggregating con-
sequences with disjunctive or conjunctive operators [6, 7,
22]. These operators preserve the positions of fuzzy sets
for consequent parts in the process of aggregation.

In order to solve the problems, K. Uehara and K. Hirota
have proposed an inference method based on «-cuts
and generalized mean, named o-GEM (an abbrevia-
tion for ‘a-level-set and GEneralized-Mean based infer-
ence’) [23]. This method provides rules of inference for
controlling fuzzy constraint propagation. &-GEM has the
following advantages over conventional inference:

(i) It can control the degree to which the fuzzy con-
straints of given facts are propagated to those of
deduced consequences. It can also provide fuzzy
constraint modification in deduced consequences by
using the control schemes for the fuzzy constraint
propagation. The controllability is effective to de-
duce consequences, reflecting the distribution forms
of fuzzy sets in consequent parts and compatibility
degrees.

(i1) It guarantees that consequences are obtained in the
forms of normal and convex fuzzy sets when the
consequent parts of fuzzy rules are defined by nor-
mal and convex fuzzy sets. Thus, the consequences
can be treated as fuzzy numbers.

(ii1) It conducts inference operations on every ¢-cut in-
dependently and then provides efficient inference
computations by using hardware constructed in par-
allel.
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Conventional a-GEM, however, cannot prove conse-
quences to be deduced in symmetric forms even if fuzzy
sets in the consequent parts of fuzzy rules are all symmet-
ric and the required conditions, obtained from axiomatic
viewpoints, are satisfied. In order to solve the problem
in conventional a-GEM, an inference method has been
proposed by K. Uehara et al. [8], which can prove to de-
duce consequences in convex and symmetric forms under
the required conditions when fuzzy sets in the consequent
parts of fuzzy rules are all convex and symmetric. The
inference method is called “o-GEMII” in this paper to
distinguish it from conventional a.-GEM.

Moreover, K. Uehara et al. have proposed schemes to
automatically determine the degree to which fuzzy con-
straints of given facts are propagated to those of deduced
consequences in @-GEMII [24]. Thereby, a-GEMII gov-
erns the propagation of fuzzy convex constraints from
given facts to deduced consequences while it reflects the
distribution forms of fuzzy sets in consequent parts to the
forms of deduced consequences. Then, K. Uehara et al.
have also discussed the theoretical aspects of o-GEMII
for clarifying its basic properties [25].

This paper points out a further problem in CRI-based
inference and clarifies that o.-GEMII can solve the prob-
lem. CRI-based parallel inference causes discontinuous
deviations in the least upper and greatest lower bounds of
deduced consequences even when it models continuous
input-output relation of a system and given facts change
continuously. This property of CRI-based parallel infer-
ence is an obstacle to modeling in which given systems
require continuity in their input-output relations. The
schemes in a-GEMII can suppress the deviations of the
least upper and greatest lower bounds of deduced conse-
quences. They are originally developed for the constraint
propagation control. The deviations are referred to as con-
sequence deviations in this paper.

The suppression effect of a-GEMII on the conse-
quence deviations is numerically evaluated in comparison
to CRI-based parallel inference. In order to clarify the
background of the evaluations, fuzzy-valued functions,
defined by fuzzifying numerical functions, and the map-
ping of fuzzy sets by the fuzzy-valued functions are de-
scribed. In relation to the mapping, the deviations of con-
sequences deduced with CRI-based parallel inference are
illustrated. Then, the mechanism of suppressing the con-
sequence deviations in a-GEMII is explained. It is shown
that a-GEMII is superior to CRI-based parallel inference
in reducing the consequence deviations.

Simulation studies are conducted for evaluating «-
GEMII and CRI-based parallel inference on the conse-
quence deviations and comparing with each other. Nu-
merical indices are defined for evaluating the degree to
which consequences follow the change in fuzzy outputs of
given systems. Simulation results show that ot-GEMII de-
duces consequences with quite smaller deviations in com-
parison to CRI-based parallel inference.

The proposed methods are expected to be applied to
the modeling of nonlinear systems, especially for estima-
tion of possibility distributions. The authors will apply o-
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GEMII to prediction filters for complex time series with
fluctuations which do not always originate from correla-
tion between the time series data. In the following, a brief
discussion is provided on the prediction filters for time
series.

K. Uehara and K. Hirota applied the basic scheme of o-
GEMII, namely with the parameter for the weighted arith-
metic mean, to Connection Admission Control (CAC) for
Asynchronous Transfer Mode (ATM) networks [26]. If
cells, i.e., fixed-length packets, are excessively fed into
the networks, cells may be lost in ATM switches. In order
to achieve the required Quality-of-Service (QoS), ATM
switches judge whether the call from a communication
terminal can be accepted or not under terminal-declared
conditions of the transmission rates as traffic parameters,
e.g., Peak Cell Rate (PCR) and Sustainable Cell Rate
(SCR). QoS in ATM networks is often evaluated using
the Cell Loss Ratio (CLR).

If CAC is conducted only using the sum of PCR, mul-
tiplex efficiency is quite low and then transmission cost
becomes very high. Even if the sum of PCR exceeds the
bandwidth, some terminals can send cells at the declared
PCR, guaranteeing required QoS, when the other termi-
nals happen to send cells at cell rates lower than their de-
clared PCR. Terminals do not always send cells at their
declared PCR and the timing of sending cells at the de-
clared PCR depends on the contents of transmitted data.
CAC is to achieve high transmission efficiency and guar-
antee the required QoS at the same time. Namely, CAC
has to be performed considering such trade-off between
transmission efficiency and the guarantee of the required
QoS. Multimedia traffic has various cell-rate fluctuations
which are not strictly reflected to traffic parameters. It
is quite difficult to strictly represent such various cell-
rate fluctuations by numerical traffic-parameters because
of their dependence on the contents of transmitted multi-
media data, especially motion pictures, music, and voice.
Uncertainty thus cannot be avoided in CAC which has to
be performed only with declared traffic parameters, e.g.,
PCR and SCR, which have only a part of information on
cell-rate fluctuations. Moreover, the large number of com-
binations of such various cell-rate fluctuations makes dif-
ficult apriori statistical analysis.

In the CAC method, the possibility distributions of
CLR are predicted by applying the basic scheme of «-
GEMII for judging the admission of calls. Fuzzy rules for
predicting the possibility distributions of CLR are tuned
using observed CLR data. As multimedia traffic with var-
ious transmission rates is treated in ATM networks, the
observed CLR data disperse even in a class of traffic pa-
rameters and thus the observed CLR data can be seen as
fluctuated values. In use of the convexity in deduced con-
sequences, the schemes of o-GEMII provide an effective
way to estimate the possibility distributions of CLR which
can lead to the guarantee of the required QoS.

a-GEMII can be applied to nonlinear prediction filters
for much more complex time series, in effective use of the
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is effective in predicting possibility distributions in com-
plex time series data with fluctuations which do not al-
ways originate from the correlation between time series
data. Especially, it may be more valuable in case where
both input and output of prediction filters are required to
be modeled with possibility distributions. The predictions
of such possibility distributions may be useful in the plan-
ning of electric power supply, climate forecasting, envi-
ronmental predictions, and so forth.

As CRI-based inference causes deviations in conse-
quences, it deduces excessively large and abrupt chang-
ing widths of possibility distributions in use of the pre-
diction and then makes prediction precision low. In con-
trast, -GEMII has schemes for suppressing such devia-
tions and therefore can more properly deduce possibility
distributions without excessively large and abrupt chang-
ing widths. In addition, the consequences deduced by o-
GEMII can be treated as fuzzy numbers whereas those
deduced by CRI-based inference are not always convex.
More detailed discussions on constructing the prediction
filters for the time series with fluctuations will be provided
in the future.

This paper is organized as follows: In Section 2, defi-
nitions and preliminaries are presented. In Section 3, a-
GEMII and its control for the fuzzy constraint propaga-
tion are introduced. In Section 4, the mapping of fuzzy
sets by fuzzy-valued functions are discussed. In rela-
tion to the mapping, it is illustrated that CRI-based par-
allel inference makes consequences deviate even when it
models continuous input-output relation of a system and
given facts change continuously. Then, it is shown that a-
GEMII schemes are effective in reducing the deviations
of consequences. In Section 5, consequences deduced by
a-GEMII and CRI-based parallel inference are demon-
strated by simulations in order to exemplify the mapping.
Then, the consequence deviations are numerically evalu-
ated for both @-GEMII and CRI-based parallel inference
and compared with each other. Section 6 concludes with
the summary.

2. Definitions and Preliminaries

The o-GEMII method can guarantee the convexity in
deduced consequences. The convex fuzzy set is defined
as follows:

Definition 1: A fuzzy set A in the universe of discourse
X is called convex if and only if its membership function
Ua(x) satisfies

pa(Axr+ (1 =A)x2) > palx1) Apalxa), . . (1)
0<A<], x1€X, neX
where A denotes the minimum operation and X is the
space of real numbers. ]
The corollary shown below is useful in the following dis-
cussions.
Corollary 1: If and only if a fuzzy set A is convex, its

COMIE > SCTIES, 1 CLIeCvel o-cut is convex. [ |
schemes for estimating possibility distributions in convex
forms which can be treated as fuzzy numbers. Namely, it
Vol.14 No.3, 2010 Journal of Advanced Computational Intelligence 259
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In this paper, when membership functions are initially
given for defining fuzzy sets, they are represented by con-
tinuous functions in the space of real numbers. In this
case, when a fuzzy set A is convex in the one-dimensional
universe of discourse, its ¢t-cut Ay is represented by a
closed interval [x},x%] according to Corollary 1. On the
other hand, when a-cuts are initially given for defining
fuzzy sets, they are represented by closed intervals in the
space of real numbers.

The rules for the inference process can be translated
into the rules governing fuzzy constraint propagation [27,
28]. In the inference process, fuzzy constraints in given
facts are propagated to consequences. The fuzzy con-
straints can be characterized by their fuzziness [29, 30]
and specificity [31,32]. In this paper, fuzziness, speci-
ficity, and non-specificity are defined as follows [8, 23, 24,
26,29,30,33]:

Definition 2: When a fuzzy set A, in the universe of
discourse X given by a closed interval [x’, x*] of real num-
bers, is normal and convex, and represented by the family

of its og-cuts Aq,, (i = 1,2,...,m), the fuzziness of A is
defined as follows:
2 L cal 2
Hi(A) = =W
t(A) w20 [:1|Wal Wi 2
Ag, = [xgl,,x’&i], xﬁi €X, xy €X,

X €X, X €X,

_u 0 near __ U 0
Woy =Xg, —Xggs W = Xggnew — Xgner,

R(X) = x* —x

where if Ay is null, the value of w, is defined as zero for
convenience. In the same way, if A™" is null, the value
of w™ is defined as zero. The symbol A™*" denotes the
crisp set nearest to A and is given by the a-cut of A at the
level oo = o™ =0.5. ]

Definition 3: When a fuzzy set A, in the universe of
discourse X given by a closed interval [x’,x"] of real num-
bers, is normal and convex, and represented by the family
of its j-cuts Ag,, (i = 1,2,...,m), the non-specificity of
A is defined by

H,(A)

¢
A" = [ X ggnear , Xlggnear |5

1 m

mZ(X) ;

where an o-cut Ag, of A is given by Ay, = [xfxl,,x'&i]. The
specificity of A is defined as follows:

H(A)=1—HyA). . . .. ... ... &

|

Symmetric and asymmetric fuzzy sets are defined as
follows:

Definition 4: A fuzzy set A is symmetric if and only
if the least upper and greatest lower bounds of each of
its ¢-cuts are placed symmetrically with respect to the
reference point of A for all values of a. The reference
point x° of A is defined by

(x‘,;l,—xéai) N )

u
x° = M o . . Q)
where O,y = sup{a | Ag # ¢} and Ag,, = [xfxsup,x’{xsup].
o

The symbol ¢ denotes the null set. A fuzzy set is called
asymmetric if and only if it is not symmetric.
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The generalized mean is defined below, which is used
in the operations of o-GEMII:
Definition 5: Generalized mean M({x;,p;}; @) is de-
fined by
" 1
pixy
j=1

n
Y p;
=1

M({Xj,pj};(l)): s x]'>0, pj>0. (6)

3. a-GEMII

In this section, @-GEMII and its control for fuzzy con-
straint propagation are introduced.

3.1. Operational Process of a-GEMII

The a-GEMII method treats the following form of in-
ference:

Rule 1 If xis P then yis Q.

Rule 2 If xis P, then y is Q.

Rule n If xis P, then y is Q,,.
Given Fact xisP.
Consequence yis Q.

where Pj, Qj, P, and O are fuzzy sets. In this paper, P;,
Qj, and P are defined by normal and convex fuzzy sets in
[0,1].

The following shows the operational steps of o-
GEMII [8]:

Step la: Obtain the compatibility degree p; between P
and P;. In particular, the compatibility degree can be
calculated by

p=suplup(x) Aup ()] . .o (D)

where ts(x) and upj(x) denote the membership
functions of P and P;, respectively.

Step 2a: Calculate the weighted arithmetic mean y‘é of
the reference points y‘éj of Q; by

Yo =M, Bl . @)

Step 3a: Obtain the closed interval [y as the a-

5 .95 ]
N Qa’” Qa
cut Qg of the inference consequence Q, by using the
following equations:

¥, = MUY, + (1-y3), 5} 0() = (1-y3) 9)
V5, =M({yg,,—vg Bis @) +yg, . . . (10)

The symbol o( ) denotes a non-increasing function
of a. The function M({x;, p;}; @) is defined by
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M({xj,p;};0) =1—M({1—xj, pj};®). (11)

The operation with M is called the dual operation of
M in this paper.

Step 4a: If the need arises, obtain O from O, based on
the resolution identity theorem. [ |

The non-increasing function w(¢) can control the prop-
agation in fuzziness and specificity from given facts to
deduced consequences. In the next subsection, a scheme
is presented to automatically generate (o).

Although « is greater than 0, the value of w(0) is inter-
preted as that of the parameter ® in the generalized mean,
which is used to deduce the least upper and greatest lower
bounds of the support set qupp of 0 in Step 3a [8].

The support set Ag,p, of a fuzzy set A can be defined by
using ¢-cuts as follows [8]:

Agpp = JAa- . (12)
o

The support sets of fuzzy sets are important for provid-

ing the possibility range in the universes of discourse. -

GEMII can deduce support sets with the operations ex-

actly same as for deducing Oy at the level o > 0 [8].

3.2. Propagation Control for Fuzzy Convex Con-
straints

The non-increasing function @(@) is automatically
generated by using the scheme shown below [24]:

Step 1b: Compose the fuzzy rules “If x is P; then x is P;.”
by using P;,(j = 1,2,...,n), in the antecedent parts
of initially given fuzzy rules. For convenience, let
the composed fuzzy rules be called Fuzzy Tautologi-
cal Rules (FTRs) in this paper.

Step 2b: Perform the inference operations, following
Steps la—4a with a given fact P and the FTRs. Let
the deduced consequence be denoted by P’. Tune
o(a) so as to minimize the difference in fuzziness
and specificity between P and P’ using the a-cuts of
P and P, under the conditions shown below:

o(d)>eod"), o <o, .. . . . (13)
o(o)>1. O T3

Step 3b: Deduce O, following Steps la—4a with the
tuned o( o). [ ]

Inference properties provided by adopting Eq. (14) are
discussed in [24]. Although the other schemes can be con-
ceivable by changing the condition shown in Eq. (14), this
paper adopts Eq. (14) for simplicity.

3.3. Computational Efficiency

a-GEMII is evaluated in terms of computational effi-
ciency in the digital computing environment, compared
to CRI-based inference. It should be noted that it is
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difficult to simply compare with each other in compu-
tational efficiency because o-GEMII has an advantage
over CRI-based inference in deducing convex fuzzy sets.
Namely, in order to achieve more proper comparison be-
tween them, CRI-based inference is to be considered with
some additional computational cost for transforming non-
convex consequences to convex forms. As CRI-based in-
ference does not have such transformation methods, the
following evaluations do not include the computational
cost of the transformation for CRI-based inference.

First, the order is evaluated for inference with arbitrary
forms of membership functions. The computational effi-
ciency of CRI-based inference is evaluated as follows: Let
the universes of discourse X and Y be discrete spaces with
ns elements each, considering the digital computing envi-
ronment, and a membership grade be assigned to each el-
ement in X and Y. The order for inference operation with
each fuzzy rule consists of O(n?) for obtaining the fuzzy
relation R; for the j-th fuzzy rule, O(nz) for the minimum
operations in composition, and O(n?) for the maximum
operations in composition. Then, the inference operation
for each fuzzy rule is performed at the order O(nf). To-
tally, the order of CRI-based inference is O(n - nf) where
n is the number of fuzzy rules.

The computational efficiency of o-GEMII is evaluated
as follows: As a-GEMII is a-cut based, let the non-zero
membership grade be quantized into m levels. The order
of a-GEMII consists of O(n -log,(m)) for obtaining com-
patibility degrees [34] in Step 1a, O(n) for calculation in
Step 2a, and O(n-m) for calculation in Step 3a. Then,
the order of a-GEMII is O(n-m). Therefore, ot-GEMII is
much more efficient than CRI-based inference, consider-
ing ng > n.

Moreover, -GEMII can be performed on every a-cut
independently and therefore efficient computation can be
achieved by using hardware constructed in parallel. The
parallel processing makes the order of a-GEMII be O(n).
Thus, a-GEMII has an advantage over CRI-based infer-
ence in computational efficiency nevertheless CRI-based
inference cannot always be proved to deduce convex con-
sequences.

The generation of w(«&) in -GEMII is independent
from the order of o-GEMII, namely it depends on the
adopted optimization algorithm. The optimization is
rather easy because the error function is a convex func-
tion and therefore no local minimum exists, as can be
found in Section 5.1. When the genetic algorithm is used
for the optimization, the order in performing @-GEMII is
O(ng - ng) where n, and n, are the numbers of chromo-
somes and generations, respectively. More efficient meth-
ods for optimizing @( ), including analytical or approxi-
mation methods, are for further study.

Next, the order is evaluated when triangular member-
ship functions are adopted for inference. As an example,
CRI-based inference is supposed to be based on the max-
min composition with the fuzzy relation R,, defined in
Subsection 5.2, and the aggregation with the maximum
operation. In this case, the order of both a-GEMII and
CRI-based inference is O(n). CRI-based inference, how-
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ever, additionally requires the operations for transform-
ing non-convex consequences into convex forms in a cer-
tain way for avoiding the problems of non-convex conse-
quences as stated in Section 1.

In the following, some comments are provided from the
viewpoint of hardware implementation. The power op-
eration is often adopted for modifying fuzzy sets as the
linguistic hedge operation and is also used to generate
fuzzy relations for CRI-based inference [35-38]. In the
sup-z-norm composition for CRI-based inference, -norm
operations may require the power operation, e.g., Dombi
t-norm [39]. Thereby, the power operation may have to
be implemented in digital fuzzy processors. Therefore,
a-GEMII, which uses the power operation, may be per-
formed without any additional hardware in digital fuzzy
processors.

In implementation of o-GEMII with general-purpose
processors, the state-of-the-art technologies of CPUs
(Central Processing Units) and GPUs (Graphical Process-
ing Units) may be effectively applied. Even in the home-
use computers, multi-core CPUs have been adopted and
perform parallel processing. Dual-core and quad-core
CPUs are commercially available and 6-core CPUs are
coming soon. Moreover, in effective use of fast and par-
allel operations, GPUs, adopted in home-use computers,
can perform general scientific computations, in addition
to graphical processing. ¢&-GEMII can provide its com-
puting architectures suitable for parallel processing with
CPUs and GPUs mentioned above since it performs infer-
ence operations on every ¢-cut independently.

4. Consequence Deviations and Their Suppres-
sion

This section discusses the deviations of consequences
deduced by CRI-based parallel inference, especially in
representing continuous fuzzy-valued functions which are
to be defined later. Then, it is clarified that o-GEMII
schemes have suppression effect on the consequence de-
viations.

4.1. Mapping of Fuzzy Sets by a Fuzzy-Valued
Function

When the input-output relation of a given system is
fuzzy (rather than numerical), it can be represented by
fuzzifying a numerical function. The fuzzified function F
is defined by its membership function ur(x,y), x € X, y €
Y. Even when the input x of the fuzzified function is a nu-
merical value (a singleton), its output is given by a fuzzy
set. In this paper, let the fuzzified function F be called a
fuzzy-valued function. The mapping of a fuzzy set P to
a fuzzy set Q by the fuzzy-valued function F can be per-
formed on the basis of the max-min composition as shown
below:

Mo = max[up(d) Ape(e)] ... (9)
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where p(x) and ,uQ(y) denote the membership functions
of P and 0, respectively.

The mapping operation by using F' can be conducted at
each level of « [34]. Namely, the mapping of the a-cut
P, of P to the at-cut Qg 0f O can be conducted by

Mo, () = max[pg, () Apr, (xy)] .. ... (16)

where upa(x) and ,uQ~a( y) denote the membership func-

tions of Py and Qg, respectively. The symbol p, (x,y)
means the membership function of the o-cut Fyy of F.

Figure 4 exemplifies the mapping of given inputs Py
and P, by F via a-cuts. In this example, F is continu-
ous, which means that the least upper and greatest lower
bounds of ,upa(x y) with respect to Y are continuous. The
symbols Py and P>, denote the o-cuts of P and P, re-
spectively. Moreover, Q1 and 0>, mean the a-cuts ob-
tained with the mapping of P and P, by Fy, respec-
tively. This figure shows as an example that the small dif-
ference Ax in the least upper and greatest lower bounds
between Pjy and Py, provides the small difference Ay in
the greatest lower bound between Qla and Qza because
F is continuous.

4.2. Mapping of Fuzzy Sets by a Fuzzy-Valued
Function Represented with Fuzzy Rules

In system modeling, the capability of representing the
input-output relations of given systems is a key to high
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performance. Parallel fuzzy inference provides a way of
representing fuzzy-valued functions with the rule-based
scheme, namely by using fuzzy rules. CRI has provided
the base of parallel fuzzy inference. CRI-based parallel
inference is defined by the following operation in deduc-
ing the consequence O ; with the j-th fuzzy rule:

tg () :mJgX[up(x) Alg;(x,y)] - (17)
where uRj(x, y) denotes the membership function of the
fuzzy relation R; which corresponds to the j-th fuzzy rule.
The symbols ps(x) and ,LLQj(y) mean the membership

functions of the given fact P and consequence Q , respec-
tively. As can be seen in many applications, the member-
ship function ,uRj(x, y) is often defined by the minimum
operation as a -norm. Namely,

e, (x,) = 1tp, (x) A g, (), . (18)

where /.ij(x) and ,qu( y) denote the membership func-
tions of P; and Q;, respectively. When the minimum oper-
ation is adopted for generating fig;(x,y), the aggregation
of consequences is often conducted by the maximum op-
eration as follows:

Hg(y) = max g, () . (19)

where p5(y) denotes the membership function of the ag-

gregated consequence Q. In modeling, the input-output
relation of a given system is represented by a set of
R;,(j=1,2,...,n). Namely, a fuzzy-valued function dis-
cussed in the previous subsection is represented by the set
of Rj.

Equations (17)—(19) can also be performed via -cuts
as follows [34,40]:

‘qua(y) = m)?x[uﬁa(x) AR, (x,0)], . . (20)
MR ;o (x,9) = Hpi (X) Ao (¥), o o o o (2D)
uga(y):m;c}xugja(y), N 25

where ,u,sa(x), ,LLQja(y), and ,LLRja(x, y) denote the mem-

bership functions of the o-cuts of P, Q, and R;, respec-
tively. Moreover, ‘Llpja(X) and ,LLQja(y) show the member-
ship functions of the a-cuts of P; and Q;, respectively.
The symbol 15 (y) means the membership function of
the a-cut Qg of 0.

When the input-output relation of a given system is to
be modeled with a continuous fuzzy-valued function F,
fuzzy inference is required to be performed with an infi-
nite number of fuzzy rules in the strict sense (without any
approximation approaches). As a matter of course, an in-
finite number of fuzzy rules are not practical and then a
finite number of fuzzy rules have to be used in real world
applications. In this case, a finite number of fuzzy rules
can be seen as representatives of an infinite number of
fuzzy rules and are used for approximations in represent-
ing continuous fuzzy-valued functions.

Conventional fuzzy inference based on CRI takes into
account only possibilities given by fuzzy rules in deduc-
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ing consequences. Namely, the CRI-based operations
have been designed, assuming that no information exists
other than given fuzzy rules for deducing possibilities and
therefore interpolation is not considered. On this assump-
tion, CRI-based parallel inference can be considered to
deduce appropriate consequences. Such inference meth-
ods, however, cause problems in deducing consequences
as discussed in the next subsection.

4.3. Mapping by a Fuzzy-Valued Function with a
Finite Number of Fuzzy Rules

This subsection discusses the approximation of a con-
tinuous fuzzy-valued function by using a finite number
of fuzzy rules. In conventional fuzzy inference based on
CRYI, a finite number of fuzzy rules cause a problem in the
least upper and greatest lower bounds of deduced conse-
quences as described below.

CRI-based parallel inference causes discontinuous de-
viations in the least upper and greatest lower bounds
of deduced fuzzy sets even when it models continuous
input-output relation of a system and given facts change
continuously. This property of CRI-based parallel in-
ference is an obstacle in modeling given systems whose
input-output relations are fuzzy and continuous. In mod-
eling continuous input-output relations with uncertainty,
namely representing continuous fuzzy-valued functions,
fuzzy inference has to be designed, taking into account in-
terpolative operations with a finite number of fuzzy rules.

In the applications requiring only singleton conse-
quences, the interpolative effect is provided by defuzzi-
fication. The operations in defuzzification affect the posi-
tions of deduced singletons in the universes of discourse,
reflecting the compatibility degrees, since they are per-
formed on numerical values in the universes of discourse.
Then, the defuzzification leads to the interpolative effect
in aggregating consequences. It can be seen that the in-
terpolative effect of the defuzzification contributes to ex-
panding application fields. CRI-based parallel inference
has often been applied in combination with defuzzifica-
tion techniques. In other words, their combined use con-
ceals the discontinuous deviations of the least upper and
greatest lower bounds of consequences aggregated by us-
ing disjunctive or conjunctive operators.

The interpolation mentioned above is performed by op-
erations on numerical values in the universes of discourse,
whereas CRI is originally conducted by operations on
truth values. In the following, CRI-based parallel infer-
ence is considered from the viewpoint of the operations on
numerical values in the universes of discourse, in which
the least upper and greatest lower bounds of deduced con-
sequences are focused on.

When Q;,(j = 1,2,...,n) are all normal and convex,
CRI-based parallel inference deduces the least upper and
greatest lower bounds of O, which are represented by the
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following equations, respectively:

G =max [x5 [, . . . . ... ... (23
x5 = min [x5 ]. Y 7))

u L
The symbols x 6/ and ija

greatest lower bounds of the a-cut of 0, respectively. It

should be noted that the discontinuous deviations of xbé
o

are caused by the two-valued judge weather or

denote the least upper and

l
and x O

not p; > « is satisfied at each level of o, in selecting
operands of the maximum operation in Eq. (23) and the
minimum operation in Eq. (24).

Figure 5 illustrates the inference process based on CRI
via a-cuts, following Eqgs. (20)—(22). In this figure, CRI-
based parallel inference at the level « is supposed to rep-
resent F,, shown in Fig. 4. In Fig. 5, the facts P; and P,
are given via their a-cuts Py and Py, respectively. Six
squares in the figure show the a-cuts R j¢ of the fuzzy re-
lations R; constructed from P; and Q;, (j = 1,2,...,6).
For example, the square at the far left in the figure depicts
R1¢ which is constructed with Py and Q14. The sym-
bols P4 and Q1 denote the a-cut of P; in the antecedent
part and the a-cut of Q) in the consequent part of the first
fuzzy rule (j = 1), respectively. The symbols Q;, and
0> mean the a-cuts of the consequences deduced with
Py o and Py, respectively.

Although the value of Ax in Fig. 5 is the same as that
in Fig. 4, the value of Ay in Fig. 5 is much larger than
that in Fig. 4. It stems from the maximum operation for
aggregating consequences deduced with a finite number
of fuzzy rules. Namely, Fig. 5 illustrates abrupt change,
characterized by Eq. (24), in the greatest lower bound of
the a-cut of the consequence.

When CRI-based parallel inference without defuzzifi-
cation is applied to control systems or adaptive systems,
especially including feedback loops, the consequence de-
viations may cause the other deviations in the systems.
Thus, the consequence deviations may make the systems
unstable.

4.4. Suppression Effect of a-GEMII on Conse-
quence Deviations

In contrast to CRI-based parallel inference, a.-GEMII
has interpolative schemes for fuzzy sets in the consequent
parts of fuzzy rules and, at the same time, includes the
control schemes for fuzzy constraint propagation. In the
operational process of at-GEMII, deduced consequences
are not directly affected by the two-valued judge charac-
terized by Eqgs. (23) and (24).

The control schemes for fuzzy constraint propagation
in -GEMII, which follow Steps 1b-3b, contribute to
suppressing the consequence deviations. Fig. 6 shows the
mechanism of the suppression. In this figure, M. G. stands
for membership grade. This abbreviation is also used in
the other figures. All fuzzy sets are defined by triangu-
lar membership functions for simplicity. In this case, the
values of (@) can be defined by the equations @w(1) =1
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Fig. 6. Suppression of consequence deviations by adjusting
o(a) : An example with @(0).

and @(0) = ay. The value of @y is to be tuned by follow-
ing Steps 1b-3b. In deducing the support set of O with
the tuned value of @y, a-GEMII performs the operations
exactly same as for the a-cuts of the consequences at the
level ¢ > 0. Thus, the discussions here can be conducted
without loosing generality. See Subsection 5.1 for more
detail.

In Fig. 6(a), a given fact P| activates the fuzzy rules
with P;,(j = j + 1,/ + 2,...,j/+ 5) in the antecedent
parts. In this figure, the consequence Pl’ deduced with P
and FTRs is supposed to be made equal to P; by the self-
tuning of ®(0). The tuned value of @(0) is denoted by a)(’)
in the figure.

Let the other fact P, be given as shown in Fig. 6(b).
The support set of P is wider in its range than that of
P;. The small difference Ax in the least upper and great-
est lower bounds of the support sets is given between
Py and P,. Thereby, P> activates the fuzzy rules with
Pj and Py, ¢ in addition to the fuzzy rules with P;,(j =
i+ 1,/ +2,...,j/+5). In this figure, P, deduced with
P> and FTRs is not depicted for simplicity.

For the following explanations, 2 in Fig. 6(c) shows
the consequence deduced with P and FTRs by using )
as the value of w(0). Here, it should be noted that 0)6
gives the value originally tuned for P;. Thus, PZ’ in this
figure is to be adjusted by the self-tuning of ®(0) so as
to minimize the difference between P, and P;. Since the
fuzzy rules with Py and Py, ¢ are additionally activated,
the value o/ tuned for P makes wider the range of the
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support set of 2. The value @) may abruptly widen the
range of qupp if ®(0) is not tuned before deducing con-
sequences for P,. The control schemes for fuzzy con-
straint propagation in &-GEMII, however, make the value
of a)N(O) smaller than a)(’) before deducing consequences
for P,, so as to minimize the difference between P> and
P, following Steps 1b-3b. As a result, the tuned value of
®(0) for P, alleviates the abrupt widening of the range of
qupp and therefore contributes to suppressing the conse-
quence deviations. It effectively works for the suppres-
sion, together with the interpolative effect in a-GEMII.

More precise analysis, including mathematical analy-
sis, on the consequence deviations, is for further study.
This paper focuses on the numerical evaluations of the
suppression effect on consequence deviations as shown in
the following.

5. Simulation Studies

Simulations are performed to exemplify the mapping
described in Section 4, and numerically evaluate the con-
sequence deviations in o--GEMII and CRI-based parallel
inference.

5.1. Self-Tuning for Propagation Control of Fuzzy
Convex Constraints

In the simulations, fuzzy sets are all defined by the tri-
angular forms of membership functions. The triangular
membership functions are also practically important since
they contribute to high computational efficiency in infer-
ence operations.

Each triangular membership function is parameterized
by the a-cut at ¢ = 1 and the least upper and greatest
lower bounds of the support set [8]. Since the fuzzy sets
are all defined by triangular membership functions, the
least upper bound of the a-cut of each fuzzy set is equal
to its greatest lower bound at o = 1. In this case, the value
of w(1) must be 1, which also means w(1) is not needed
to be tuned, because the least upper bound of the ¢-cut of
a deduced fuzzy set has to be equal to its greatest lower
bound at o = 1. Then, the values of () can be defined
by the equations w(1) = 1 and w(0) = wp. The value
of @y is to be tuned for controlling the propagation of the
fuzzy convex constraints by following Steps 1b—3b, which
determines the fuzziness and specificity of deduced con-
sequences. Namely, the minimization of the difference in
fuzzy constraints between P and P’ is translated into the
tuning of @y so as to minimize the difference in shape of
membership functions between them.

For tuning @y so as to minimize the difference in
fuzzy constraints between P and P', the objective func-
tion shown below is minimized.

Suppression Effect on Consequence Deviations

symbols xz, and xff,, mean the least upper and greatest
a o

lower bounds of the gupport set of P/, respectively. More-
over,

s(x):x—(x;’;,—x;;,). N 0214

where x5 and x3, mean the reference points of P and P,
respectively. The function s(x) in Eq. (26) adjusts the po-
sition of P’ so as to make x%, equal to x for simplifying
the evaluation of the difference in fuzzy constraints be-
tween P and P’ as shown in Eq. (25).

In order to optimize the value of @y, the Genetic Algo-
rithm (GA) was applied. The chromosomes correspond to
alternatives for the optimized value of @p. The objective
function defined by Eq. (25) was used for the evaluations
of the chromosomes. The elite preservation strategy is
conducted on the basis of the evaluation results obtained
by Eq. (25).

5.2. Simulation Conditions

The simulations were performed under the following
conditions:

(i) Fuzzy sets were all defined by the triangular forms
of membership functions as described in Subsection
5.1. In this case, it is to be noted that their reference
points are equal to their o-cuts at o0 = 1.

(i) As all fuzzy sets were defined by the triangular
membership functions, the support set Qgpp of O
was used for evaluating the consequence deviations.
In deducing the support sets of consequences, ¢-
GEMII performs the operations exactly same as for
the o-cuts of the consequences at the level o > 0.
Therefore, the evaluations can be conducted without
losing generality.

(iii) The number n of fuzzy rules was set to 21. The
antecedent parts of the fuzzy rules and given facts
were defined by symmetric fuzzy sets in [0, 1]. Each
reference point x7 of P; was set by x7 = [1/(n—
D]-(j—1) =0.05-(j— 1) for the j-th fuzzy rule.
Namely, the reference points were equally placed in
X. The least upper bound x?,ja and greatest lower

bound xfbja of the support set of P; were given so
as to satisfy xp —xp =2/(n—1) =0.1. Fig. 7
shows the memt_)ershipifunctions upj(x) of P, (j=
1,2,...,21).

(iv) The consequent parts of the fuzzy rules were repre-
sented by symmetric fuzzy sets in [0, 1]. The value
of the reference point y; of Q; was assigned by
q(xj.). The function ¢g(x) is provided by the follow-
ing equations:

1 2 2
E=3 { [s (x5 ) =5, [5 () =5, }.(25) Qo) =08x+0.1, . . . . ... @]
0.5
Here, x; and x%a denote the least upper and greatest Gsgm(X) = 1+ exp(—20x+ 14) +045,  (28)
lower bounds of the support set of P, respectively. The Geos(x) = —0.25co0s(27x) + 0.3. . . (29)
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Fig. 8 depicts the functions gy (x), gsem(x), and
Geos(x). Egs. (27)—(29) are determined so as to con-
tribute to evaluating the deviations of the least up-
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per and greatest lower bounds of Qg in the map-
ping characterized by the fuzzy rules. The least up-
per bound y‘éja and greatest lower bound y['Qja of
the support set of Q j were given so as to satisfy

l _
ybéjg —Y0,, = 0.1.

Given facts P were all symmetric fuzzy sets and de-
fined by triangular membership functions. Their ref-
erence points were all placed at 0.5. In order to eval-
uate the deviations of the least upper and greatest
lower bounds of Qgpp» the support-set width Wy
of P were increased by 0.2 x 1072 from 0.1 to 1.0.
The support-set width Wy, is defined by x;gg —xff,g
where xl";a and xf;a denote the least upper and great-
est lower bounds of the support set Izupp of P, re-
spectively. Totally, 451 facts were given.

In tuning @y with GA, the chromosome with 16 bits
was used for representing an alternative of the value
for @p. The number of the chromosomes was fifty.
Ten of them were selected as parent chromosomes
for next generation by using the elite preservation
strategy. Two of the parent chromosomes were ran-
domly selected and they created two offspring chro-
mosomes by the one-point crossover. The crossover
was performed at the midpoint of chromosomes,
namely between the eighth and ninth bits of each
chromosome. Two of the 16 bits in each offspring
chromosome were randomly selected and mutated
at the probability of 0.3.

In evaluating the deviations of qupp, o-GEMII was
compared to CRI-based parallel inference. In per-
forming CRI, the fuzzy relation R,, the max-min
composition, and the aggregation with the maxi-
mum operation were adopted, which have been ap-
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plied in a wide variety of fields. The fuzzy relation
R, is defined by its membership function ug, (x,y) =
up(x) A to(y) where pp(x) and pp(y) denote mem-
bership functions for the antecedent and consequent
parts of each fuzzy rule, respectively.

5.3. Simulation Results
5.3.1. Consequences as Mapped Fuzzy Sets

Figures 10, 11, and 12 illustrate consequences de-
duced in the simulations. The consequences are consid-
ered to approximate to the fuzzy sets mapped by fuzzy-
valued functions generated by using ¢g(x). These conse-
quences were deduced with the given facts B, (k=1,2,3)
shown in Fig. 9. The reference point of P, was set to 0.5
whereas the support-set widths of B, (k = 1,2,3) were set
to 0.3, 0.5, and 0.7, respectively. In Figs. 10, 11, and 12,
kam and Qk(mv) denote the consequences deduced by
a-GEMII and CRI-based parallel inference, respectively.
The consequences Qk(new), (k=1,2,3) were deduced with
Py, (k=1,2,3), respectively, and Qycny), (k= 1,2,3) were
deduced with P, (k = 1,2,3), respectively.

Figure 10 shows the consequences deduced with Q; as-
signed by using gp,.(x). Since gp,(x) is a linear function,
a-GEMII deduced symmetric fuzzy sets. The precise dis-
cussions on symmetricity in consequences are provided
in [8]. Although CRI-based parallel inference also de-
duced symmetric fuzzy sets, the deduced fuzzy sets were
not convex.

Figures 11 and 12 depict the consequences deduced
with Q; assigned by using gem(x) and gco(x), respec-
tively. In contrast to the consequences shown in Fig 10,
asymmetric fuzzy sets were deduced, reflecting the non-
linearity of gem(x) and gcos(x). As can be seen in Fig. 11,
the possibility in the range upper than the reference point
Q,‘;(new) of Qk(new) is larger than that in the range lower than

Q,‘j(new). Fig. 12 shows that the possibility in the range
lower than Q,f(new) is larger than that in the range upper

than Q,f(new). Although CRI-based parallel inference also
deduced asymmetric fuzzy sets, the deduced fuzzy sets
were not convex.

5.3.2. Evaluations of Consequence Deviations

The deviations of the least upper and greatest lower
bounds of Qs,,, were evaluated in changing the support-
set width of P. For numerical evaluations, the following
indices are defined.

Du = Y [DiG) + Di(D)]/2ma, . . . . . (30)

1

Duax = max[Di(i),D5()]. . . . . . . (3D
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Here, each symbol is defined as follows for the i-th data
(i=1,2,...,my) obtained in the simulations:

Dy(i) = | g —gy@ |, . ... ... (32
Df,(i):|gg(i)—g§(i) Lo (33)
go(i) = Ay§ (D) [Asuli), . . ... (34)
gg(i) :Any\uW(i)/Awsupp(i), A < 1))
gu(i) = AYUi) /Absuppli), . . . . . . . (36)
go(i) = AyL () /AVaupp(i). . . . . . .. (3T)

In Eqs. (34)—(37), AWgpp(i) means the increase of Wyypp( i)
which is defined by

Wappli) =5 (i) = (0). . (38)

In Eq. (38), xl'gsupp(i) and xfﬁ (i) denote the least upper

supp

and greatest lower bounds of P, respectively. In the

simulations, the value of AWg,p(i) was set to 0.2 x 1072,

The symbols Ay'é (i) and Ayg (i) mean the increase
supp supp

of the least upper and greatest lower bounds of qupp, re-
spectively, when Wq,p (i) increases by Awsupp(i). Namely,
gbé(i) and gg(i) show the gradient of the least upper and

greatest lower bounds of qupp, respectively. Moreover,
Ayg(i) and Ayf](i) denote the increase of the least up-
per and greatest lower bounds of Qq, respectively, in in-
creasing Weypp(i) by Awsupp(i), where~ Qq is the closed in-
terval obtained by the mapping of By, by ¢g(x). Then,
g‘é(i) and g%(i) denote the gradient of the least upper

and greatest lower bounds of Qq, respectively. Therefore,
DZ,( i) and Dﬁ’,( i) mean the difference in the gradient of the
least upper and greatest lower bounds, respectively, be-
tween qupp and Qq. Thereby, they indicate the measures
to which the rule-based inference represents the fuzzy-
valued functions generated with g(x). The lower values
of D,y and Dy, indicate better performance for repre-
senting the fuzzy-valued functions.

Figures 13, 14, and 15 show the least upper and great-
est lower bounds of qupp when Q; are assigned by us-
ing gur(X), gsem(x), and geos(x), respectively. In these
figures, L.U.B. and G.L.B. stand for least upper bound
and greatest lower bound, respectively. The solid lines
imply the least upper and greatest lower bounds of qupp
whereas the dotted lines the least upper and greatest lower
bounds of Qq. As shown in these figures, the values of
both D,,; and Dy, indicate that ot-GEMII provides bet-
ter performance than CRI-based parallel inference. Espe-
cially, Dy, proves that @-GEMII follows the change of
the bounds of Qq(x) much more properly than CRI-based
parallel inference.

As can be found in Fig. 14, the least upper bounds
of qupp, deduced by o-GEMII, deviate in quite a nar-
row range in comparison to CRI-based parallel inference
and then o-GEMII gives much smaller value of D« than
CRI-based parallel inference. In the range upper around
0.5 of Wypp shown in Fig. 14, o-GEMII properly follows
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Fig. 10. Inference consequences deduced by using fuzzy rules with consequent parts placed by g (x).
1 0 C T T T T T T T T T
0.8L : proposed QI(CHV) conventlonal
S 0.6k
= 04F
0.2F
0L 1 1 1 1 L L L L L
0 02 03 04 05 06 07 08 09 . 02 03 0. 4 0 5 08 0.9
Universe of Discourse Y Universe of Dlscourse Y
1.OF T T T T T T T T r T
08l : proposed Qz(cm,) conventlonal
C 0.6F
= 04F
0.2F
O L L L L L L L | L
0 02 03 04 05 06 07 08 09 . 03 0. 4 0. 0.9
Universe of Discourse Y Umverse of Dlscourse Y
WO T T T T T T T r T
08l O3(new) : proposed Q3(Cnv) convenuonal
O 0.6fF
= 04F
0.2F
0 L L L L L . [
0 01 02 03 04 05 0. 4 0 5 08 0.9
Universe of Discourse Y Universe of Dlscourse Y
Fig. 11. Inference consequences deduced by using fuzzy rules with consequent parts placed by gsgm(x).
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Fig. 12. Inference consequences deduced by using fuzzy rules with consequent parts placed by gcos(x).
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Fig. 13. Least upper and greatest lower bounds of qupp where fuzzy sets in consequent parts are assigned by g (x).
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Fig. 14. Least upper and greatest lower bounds of qupp where fuzzy sets in consequent parts are assigned by gsem(x).

1.0F Dayr=0.158, Dpax=7.203 1
0.8
2 0.6k : E
R 0.4 —
0.2

0.9 1.0

0.1 02 03 04 05 06 07 08
Support-Set Width Wsypp of Given Facts

(a) a-GEMII (proposed).

1.0F Dayr— 0.490, Dpax— 37.881 ' ' T
0.8f 1
T e —
O - —
R 0.4F . ]
GLB. ™ -
02f —_ 1
0 ! ! ! ! ! =_\'"—,‘,A>¥777
0.0 02 7037040506 070809 o

Support-Set Width Wsypp of Given Facts
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Fig. 15. Least upper and greatest lower bounds of qupp where fuzzy sets in consequent parts are assigned by gcos(x).

the saturation of the least upper bounds of Qq. Fig. 15
shows that the greatest lower bounds of qupp, deduced
by a-GEMII, deviate in quite a narrow range and then
a-GEMII gives much smaller value of of D, than CRI-
based parallel inference. In the range upper around 0.7
of Wgypp shown in Fig. 15, a-GEMII properly follows the
saturation of the greatest lower bounds of Qq.

6. Conclusion

This paper has discussed the suppression effect of o-
GEMII on consequence deviations and numerically evalu-
ated its effectiveness. Conventional fuzzy inference based
on CRI has problems in discontinuous deviations of the
least upper and greatest lower bounds of consequences
even when it models continuous input-output relation of
a system and given facts change continuously. In con-
trast, o-GEMII can suppress the deviations with their

Vol.14 No.3, 2010
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self-tuning schemes in deducing consequences.

In this paper, first, the consequence deviations in CRI-
based parallel inference have been illustrated in order to
clarify their characteristics. Then, it has been shown that
the a-GEMII schemes contribute to suppressing the con-
sequence deviations. Especially, the automatic reduction
of the deviations is effective, which is performed by the
schemes originally developed for fuzzy constraint propa-
gation in -GEMIL. In simulations, o.-GEMII and CRI-
based parallel inference were numerically evaluated on
the deviations and compared with each other. Simulation
results show that a-GEMII is superior to CRI-based par-
allel inference in suppressing the consequence deviations.

More precise analysis, including mathematical analy-
sis, on the consequence deviations is for further study.
The authors will present the applications of a-GEMII in
the future, making effective use of the properties in sup-
pressing the consequence deviations. Especially, they will
apply a-GEMII to nonlinear prediction filters for com-
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plex time series with fluctuations which do not always
originate from correlation between time series data.
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