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Articulated robots are widely used in industries be-
cause they can perform manufacturing tasks with
complicated movements. Higher speed and accuracy
of motions are always required to improve the qual-
ity and productivity of products. The vibration char-
acteristics of the robots are an important factor to
achieve higher speed and accuracy motions. Robots
are increasingly being used for machining. The vi-
bration characteristics must also be considered when
designing proper cutting conditions for the machin-
ing. To design control and cutting strategies for higher
speed and accuracy motions or higher productivity of
the machining process, it is effective to investigate the
vibration characteristics of the robot and develop a
mathematical model which can represents the vibra-
tion characteristics. The aim of this study is to in-
vestigate the vibration characteristics of an architec-
tural robot and develop a mathematical model which
can represent the dynamic behavior of the robot. To
achieve this, vibration mode of an industrial architec-
tural robot is analyzed based on measured frequency
characteristics. According to the results of the modal
analysis, it was clarified that the axial and angular
stiffness of bearings of each joint of the robot has
a significant impact on the vibration characteristics.
Therefore, in this study, a mathematical model of the
robot is developed considering the joint bearing stiff-
ness. The mathematical model that also considers the
kinematics of the robot, stiffness of reduction gears,
control system for motors, and disturbance, such as
friction and gravity, is introduced into the model. The
control system is precisely modeled based on actual
control algorithm in accordance with the implemented
source codes. Although mass and inertia of the links
are obtained from the 3D-CAD model, stiffness and
damping parameters of the bearings and reduction
gears are identified by matching the measured and
simulated frequency responses. It has been confirmed
that the model can adequately represents the vibration
mode of the actual robot. Circular motion tests were
performed to verify the model. Motion trajectories of
the end effector were measured and simulated. As a

result, it has been confirmed that the developed model
is effective to analyze the dynamic behaviors.

Keywords: articulated robot, mathematical model, joint
bearing stiffness, vibration mode, circular trajectory

1. Introduction

Articulated robots are widely used in industries, par-
ticularly in the fields of welding, material handling, and
painting [1]. The motion accuracy of an industrial robot
is important because it is directly linked to the quality and
productivity of products. However, owing to the low me-
chanical stiffness of the robot, extreme overshoot and vi-
bration tend to occur when the robot moves at high speed.
To achieve faster and more accurate robot motion, the
robot motion should be analyzed using a model capable of
expressing dynamic behaviors [2]. In addition, machining
operations are becoming another application of robots [3].
Many researchers have attempted to apply robots to ma-
chining operations [4–8]. The vibration characteristics of
the robot play a key role in achieving higher productiv-
ity, and it is necessary to predict the vibration characteris-
tics because the relationship between the cutting condition
and vibration characteristics determines the chatter stabil-
ity [9, 10].

Articulated robots can be modeled by considering the
link kinematics, inertial parameters of the links, charac-
teristics of driving mechanisms, and control systems [11].
Zirn [12] described a general approach to model the ma-
nipulators represented as state equations. Several studies
have also been conducted on robot arm modeling [13–19].
They mainly focused on kinematical modeling problems.
Good et al. [20] focused on the influence of the stiffness
of the reduction gears and friction. However, the influence
of stiffness on the dynamic behavior has not been inves-
tigated. It is necessary to clarify and predict the dynamic
behavior of robots to expand their applications [21, 22].

The aim of this study is to investigate the vibration
characteristics of an architectural robot and develop a
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Fig. 1. Architectural robot and measurement points.

mathematical model that can represent its dynamic be-
havior. To achieve this, the vibration mode of an indus-
trial architectural robot was analyzed based on measured
frequency characteristics. According to the results of the
modal analysis, it was clarified that the axial and angular
stiffness of the bearings of each joint of the robot has a
significant impact on the vibration characteristics. Bottin
et al. [23] also highlighted that the joint bearing stiffness
impacts the vibration characteristics of robots. Although
the identification method for the stiffness and predicted
natural frequencies based on the identified results are pre-
sented, the simulated vibration mode and motion trajecto-
ries are not discussed.

Therefore, in this study, a mathematical model of the
robot was developed by considering the joint bearing stiff-
ness. The vibration mode and motion trajectories were
simulated to demonstrate the effectiveness of the model.
The mathematical model that also considers the kinemat-
ics of the robot, stiffness of reduction gears, control sys-
tem for motors, and disturbances, such as friction and
gravity, is introduced into the model.

2. Modal Analysis

2.1. An Arbitrated Robot and Measurement
Method

Figure 1 illustrates the articulated robot modeled in this
study. The robot has six links, J1–J6. J1–J4 links are
driven by AC servo motors and cycloidal reduction gears,
and J5 and J6 links are driven by AC servo motors and
timing belts. The joint between the links was connected
by ball bearings.

A loading mass assuming the welding touch or milling
spindle was attached to the J6 link to express the real sit-
uations in the field. Another loading mass is also attached

Fig. 2. Hammering test.

to the J3 link, assuming the controller and drivers for the
equipment attached to link J6.

The loading mass attached to link J6 was excited by an
impulse hammer, as shown in Fig. 2. Three directional
accelerations at a total of 48 points on the base and J1–J6
links were measured. The accelerometers were attached
to the surface through an aluminum cubic block. Ham-
mering tests were conducted by changing the measure-
ment point, and five measurements were taken for each
point (a total of 240 hammering). The inductance transfer
function between the excitation and measurement points
was measured.

It is also known that the condition of servo drive sys-
tem influences the frequency characteristics [24]. In this
study, to evaluate the characteristics under the same real
conditions in the field, the measurements were conducted
under the servo-on condition. This means that the me-
chanical brakes of all the servo motors were unclamped,
and the motor angles were maintained by the feedback
control system during the measurement.

2.2. Frequency Characteristics and Vibration
Mode

Figure 3 shows the measured frequency responses of
each point. The figure only shows the selected data for
representative measurement points. It can be observed
from the figure that the first vibration mode is around
10 Hz and second is around 20 Hz. It can also be ob-
served that the vibration amplitude becomes largest at the
measurement points on the link J6 at the first and second
resonance frequencies. In addition, because it has been
confirmed that the first vibration mode at approximately
10 Hz is a dominant problem during the motions, the first
vibration mode is the primary focus of this study.

Figure 4 illustrates the first vibration mode analyzed
from the measured frequency responses. The results show
that the dominant vibration comes from the following vi-
brations: translational vibration between J1 and J2 links
along the Y -axis, angular vibration between J1 and J2
links around the X-axis, translational vibration between
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Fig. 3. Measured frequency responses for modal analysis.

(a) X-Y plane view

(b) Y -Z plane view

Fig. 4. Analyzed modal shape with Y -axis excitation.

J2 and J3 links along the Y -axis, and angular vibration
between the J2, J3, and J4 links. The analyzed results
suggest that the axial and angular stiffness of the joint
bearings plays a key role in the vibration characteristics
of the articulated robot.

Fig. 5. Coordinate system for D-H matrix.
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Fig. 6. Definition of translational and angular deformation
between links.

3. Mathematical Modeling

3.1. Link Model with Joint Bearing Stiffness
The link kinematics of the robot is modeled by the

Denavit-Hartenberg (D-H) matrix based on the coordinate
systems shown in Fig. 5 [25]. The coordinate system for
J1 link ∑1 is identical to the world coordinate system ∑0
in this study. To represent the translational and angular
deformation of the bearing between the links, small an-
gular and translational displacements between the links
are introduced, as illustrated in Fig. 6. The translational
displacement along the X-, Y -, and Z-axes and angular
displacement around the X- and Y -axes of each joint are
considered. The angular displacement around the Z-axis
indicates the rotational angle of the joint. The displace-
ments can be calculated based on the angular, axial, and
radial stiffness of the joint bearings, and the acting forces
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and torques on the bearings are calculated based on the
equation of motion.

Equation of motion of a robot can be represented as
follows:

MMMq̈qq+ cccq̇qq+ kkkqqq = QQQ . . . . . . . . . . . (1)

It can be rewritten as Eq. (2) by substituting Eq. (3).

MMM(qqq)q̈qq+HHH(qqq,q̇qq) = QQQ . . . . . . . . . . . (2)

HHH = cccq̇qq+ kkkqqq . . . . . . . . . . . . . (3)

where MMM is a 36×36 matrix that represents the mass and
inertia of each link. This depends on the angle of each
joint. Matrices ccc and kkk are also 36×36 matrices that rep-
resent the damping and stiffness between the links by con-
sidering the relative displacement and velocity of the links
as non-diagonal elements. The stiffness matrix kkk includes
the influence of gravity, and it also depends on the angle
of each joint. Note that the angular stiffness and damp-
ing around the Z-axis of each link are not considered in
the equation of motion. This will be introduced into the
model of the driving mechanism.

As a result, HHH is a 36 × 1 vector that represents the
influence of gravity, Coriolis and centrifugal forces, and
mutual interference of links. It also depends on the an-
gle and angular velocity of each joint. It is assumed that
the relative displacements owing to the elastic deforma-
tion of the joint bearings are small and their influence can
be linearly approximated. Because it was difficult to ob-
tain each element of the matrices, a commercial software
Maple (MathWorks, Inc.) was applied to solve the equa-
tions.

The model in this study has 36 degrees of freedom
(DOF) because each link has six DOFs. qqq is the 36× 1
vector that represents the relative displacements and an-
gles between the links, and QQQ is the 36×1 vector that rep-
resents the external forces or torques relative to the links
as follows:

qqq = [dx1 dy1 dz1 δx1 δy1 θ1 dx2 dy2 dz2 δx2 δy2 θ2

· · · dx6 dy6 dz6 δx6 δy6 θ6]
T (4)

QQQ = [0 0 0 0 0 τ1 0 0 0 0 0 τ2 · · · 0 0 0 0 0 τ6]
T (5)

where τ1–τ6 represent the driving torques applied from
the driving mechanisms of each link. The excitation force
generated by the impulse hammer can be considered as
a component of QQQ in the simulation. Disturbance forces,
such as cutting forces, can also be considered in QQQ.

The kinetic energy, T , potential energy, U , and dissi-
pated energy, F , of the robot can be expressed as follows:

T =
1
2 ∑miẋ2

Gi +
1
2 ∑miẏ2

Gi +
1
2 ∑miż2

Gi

+
1
2 ∑ωωωT

i IIIiωωω i . . . . . . . . . . . (6)

U = ∑migzGi +
1
2 ∑Kxid2

xi +
1
2 ∑Kyid2

yi

+
1
2 ∑Kzid2

zi +
1
2 ∑Kδ xiδ 2

xi +
1
2 ∑Kδ yiδ 2

yi (7)

F =
1
2 ∑cxiḋ2

xi +
1
2 ∑cyiḋ2

yi +
1
2 ∑cziḋ2

zi

+
1
2 ∑cδxi δ̇

2
xi +

1
2 ∑cδyi δ̇

2
yi . . . . . . (8)

where the subscript i represents the number of links (i =
1–6). The kinetic energy T can be defined from the ve-
locity of the center of gravity of each link ẋGi, ẏGi, żGi and
the angular velocity of each link ωωω i. These parameters
can be obtained based on the D-H matrix. The potential
energy, U , can also be defined from the radial deforma-
tions and stiffness of each joint bearing, dxi, dyi and Kxi,
Kyi, axial deformations and stiffness of the joint bearings,
dzi and Kzi, angular deformations and stiffness around the
X- and Y -axes of the joint bearings, δxi, δyi and Kδxi , Kδyi .
The influence of gravity is also considered as a part of
the potential energy based on the Z-axis position of each
link, zGi. The dissipated energy, F , can similarly be de-
fined based on the radial and axial viscose coefficients cxi,
cyi, and czi, and angular viscose coefficients cδxi and cδyi .
The angular stiffness and viscose coefficient around the
Z-axis were modeled as a part of the driving mechanisms.
The equation of motion can be obtained by solving the
Lagrange method based on the defined energies T , U , and
F .

Equation (2) can be deformed as follows:

q̈qq = MMM−1
(qqq)

(
QQQ−HHH(qqq,q̇qq)

)
. . . . . . . . . . (9)

As a result, the articulated robot model can be rep-
resented by a block diagram, as shown in Fig. 7. Ma-
trix MMM and vector HHH are functions of the model output
vector qqq. All simulations in this study were conducted
using MATLAB Simulink (MathWorks, Inc.). The pa-
rameters MMM and HHH were updated for each calculation step
during the simulation. The matrices obtained by Maple
software can be directly transformed into the MATLAB
script. As aforementioned, the model shown in Fig. 7
lacks rotational stiffness and damping around the rota-
tional direction of the bearings. It behaves just like a
robot without a driving mechanism with free rotation of
the links.

3.2. Drive Mechanism
The drive mechanisms of each link were modeled as

illustrated in Fig. 8, where θmi and τi represent the ro-
tational angle and driving torque of the motor, respec-
tively. The driving torque was simulated using a con-
troller model. Kθ and cθ represent the angular stiffness
and damping of the driving mechanism, respectively. The
torque applied to the links was generated from the relative
angle between the links and motor in this model, where n
is the reduction ratio.

The moment of inertia of the motor rotor Jm is a known
parameter from the specification sheet. However, friction
characteristics, modeled in this study as Coulomb’s fric-
tion torque fm and viscose friction coefficient Dm, must be
identified from the measured results. Therefore, the fric-
tion parameters for each motor were identified based on
the acquired motor torques during the sinusoidal motions
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H     

Fig. 7. Block diagram of the proposed robot model with joint bearing stiffness.

Fig. 8. Schematics of vibration model for driving mechanism.

Fig. 9. Block diagram of controller, motor, and drive mechanism.

of each axis [26]. This indicates that the identified friction
parameters include both the friction of the motor bearing
and joint bearing.

3.3. Control System
The control systems of each motor are modeled based

on the specifications and source code of the real imple-

mented controllers. Fig. 9 shows the block diagram of the
controller, motor, and drive mechanism of an axis. The
controller consists of a velocity feed forward controller,
position controller, velocity controller, and current con-
troller. Each controller was modeled as a discrete-time
system with different control periods. All servo gains and
filter parameters were known and used for the simulations
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Fig. 10. Schematics of parameter identification strategy by
using genetic algorithm (GA).

in this study. In addition, the angular command for the
motors was acquired from the controller during the exper-
iments, and the acquired data were used for the simula-
tions.

4. Parameter Identification

4.1. Identification Method

In this study, the mass and moment of inertia of the
links were accurately calculated using the 3D-CAD model
of each link. However, it is impossible or difficult to
obtain accurate values of the joint bearing stiffness and
damping. It is also difficult to calculate the stiffness and
damping of the drive mechanisms. Therefore, the stiff-
ness and damping parameters are identified by matching
the measured and simulated frequency responses.

A total of 72 parameters were identified. To identify the
parameters, a genetic algorithm (GA) [27] that can mini-
mize the fitness function F defined in Eq. (10) is applied.

F = ∑i, j

(∣∣∣H( j)
sim ( fi)−H( j)

exp ( fi)
∣∣∣
)

. . . . . (10)

where H( j)
sim and H( j)

exp represent the simulated and mea-
sured frequency responses at the measurement point j,
respectively. fi represents the frequency. The fitness
function F indicates the total area of the difference be-
tween the measured and simulated results, as illustrated in
Fig. 10. To reduce the load of calculations, two measure-
ment points for each link (12 points in total) were selected
and applied for identification.

However, it was difficult to certify the convergence of
the solution when attempting to identify all of the pa-
rameters simultaneously. Therefore, in this study, first
the parameters for the J1–J3 links were identified. This
means that the J4–J6 links were detached from the robot,
as shown in Fig. 11, and frequency responses were mea-
sured using hammering tests, as mentioned in Section 2.
The J3 link oscillated along the Y -axis direction in the
tests, as shown in Fig. 11. Subsequently, the parameters
for the J4–J6 links were identified based on the measured
frequency responses with the entire robot configuration.

Fig. 11. Architectural robot and measurement points with-
out J4–J6 links.

(a) Measured results

(b) Simulated results

Fig. 12. Comparison of measured and simulated frequency
responses of J1–J3 links.

4.2. J1–J3 Links
Figure 12(a) shows the measured frequency responses

without J4–J6 links. The measured frequency response
appears to be much simpler than the response of the en-
tire robot configuration, as shown in Fig. 3. The reso-
nance frequency was approximately 15 Hz, and it was the
translational and rotational vibrations between the J1 and
J2 links. This corresponds to a vibration at approximately
10 Hz, as shown in Fig. 3.
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(a) Measured results

(b) Simulated results

Fig. 13. Comparison of measured and simulated frequency
responses of J4–J6 links.

The simulated frequency responses based on the iden-
tified parameters are shown in Fig. 12(b). According to
the results, the amplitude of the vibration is considerably
smaller than the measured ones, although the resonance
frequency is adequately expressed. It is expected that the
reason for the differences is that the base and J1 link have
elastic deformation in a real situation. All the components
were modeled as rigid in the model. It is necessary to
add an additional coordinate transformation between the
world and ∑1 coordinate systems to achieve more accu-
rate simulation results.

4.3. J4–J6 Links
Figure 13 shows measured and simulated frequency re-

sponses of J4–J6 links with entire robot configuration. It
can be observed from the results that the proposed model
can correctly predict the resonance frequency of the first
and second vibration mode. The resonance frequency
shown in Fig. 12 is approximately 15 Hz and the vibration
mode of the frequency corresponds to the first vibration
mode in the frequency response shown in Fig. 13 at ap-
proximately 10 Hz. Because of the influence of the mass
and inertial of the moment of J4–J6 links, the resonance
frequency becomes smaller in Fig. 13 than the frequency
in Fig. 12.

It was also identified that although J1–J3 links and J4–
J6 links oscillate in the same phase at the first vibration
mode at approximately 10 Hz, the J1–J3 links and J4–J6

(a) X-Y plane view

(b) Y -Z plane view

Fig. 14. Simulated modal shape with Y -axis excitation.

links oscillate in the opposite phase at the second vibra-
tion mode at approximately 20 Hz.

The simulated amplitude of the first vibration mode is
smaller than the measured amplitude, similar to the results
shown in Fig. 12. The reason for the difference can be
expected to be as discussed in Section 4.2.

5. Comparison of Measured and Simulated
Results

5.1. Vibration Mode
The modal shape of the first vibration mode is ana-

lyzed from the simulated frequency responses, as shown
in Fig. 14. The results confirm that the proposed model
can adequately express the translational and angular vi-
brations between J1 and J2 links, translational vibration
between J2 and J3 links, and angular vibration between
J2, J3, and J4 links. However, it was also confirmed that
the simulated angular vibrations between the J1, J2 axes,
and J2–J4 axes were smaller than the actual ones. In ad-
dition, it was confirmed that the proposed model can ade-
quately express the second vibration mode.

Although all the links were modeled as rigid bodies in
this study, it is expected that the deformations of each link
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Fig. 15. Measurement point and initial posture of the robot
for circular motion test.

will affect the angular vibrations. It is also expected that
the simulation results can be improved by accurately tun-
ing the identified parameters. However, it can be con-
cluded that the proposed model can adequately express
the vibration owing to the joint bearing stiffness, except
for the simulation accuracy.

5.2. Circular Trajectory
Finally, to evaluate the validity of the model, circu-

lar motion tests were conducted. The motion trajectories
were measured using a laser tracker (FARO Vantage). A
reflector for the measurement was attached to the loading
mass, as shown in Fig. 15. The robot posture was set to
the middle of the working area, as shown in the figure.
The model can also represent the influence of the posture.

The feed rate and radius of the circular motion were set
to 2000 mm/min and 5 mm, respectively. The robot also
has geometric error sources, such as link-length errors.
If circular motion with a larger radius is measured, the
influence of geometric errors on the trajectory becomes
a significant cause of inaccuracy. However, the purpose
of this study and the test was to simulate the vibration
characteristics of the robot and confirm the correctness
of the simulated vibration characteristics. Therefore, a
circular trajectory with a smaller radius was measured and
simulated. In other words, the results represent only the
vibration characteristics at the measurement point.

Figure 16 shows measured and simulated circular tra-
jectories. The figure represents enlarged radial error from
the reference circle. A circle with averaged radius of the
trajectory is adopted as the reference circle. This repre-
sentation is commonly used in machine tool field to eval-
uate the circular trajectory as a “circular test [28].”

The feedback position means that the calculated trajec-
tory from the acquired rotational angle of the motors is
based on the kinematic model. Tracking errors observed

(a) Measured results

(b) Simulated results

Fig. 16. Measured and simulated circular trajectories
(XY plane, feed rate: 2000 mm/min, radius: 5 mm).

in the feedback position mainly arise from the character-
istics of control systems and motors. The mechanical end
trajectories show the results measured by the laser tracker.
The differences between the feedback position and me-
chanical end represent the influence of the robot structure
itself.

According to the results, a trajectory error can be ob-
served in the first quadrant of both the measured and sim-
ulated results. Although the maximum radial errors in-
crease in the simulated results, the shapes of the errors are
similar to the measured ones.

In addition, in the third and fourth quadrants, the vibra-
tion observed on the mechanical end trajectory can also be
simulated by the model. However, the simulated radial er-
ror of the mechanical end trajectory around the third and
fourth quadrants is larger than the measured error. The
reason for the inaccurate simulation was not clarified in
this study. It is expected that the simulation accuracy
of the trajectories can be improved if the frequency re-
sponses can be accurately simulated. However, although
the simulated trajectory cannot perfectly match the mea-
sured trajectory, it can be concluded that the proposed
model can adequately express the trend of dynamic mo-
tion errors of the robot owing to the dynamic characteris-
tics, including the influence of joint bearing stiffness.
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6. Conclusions

In this study, the vibration mode of an industrial archi-
tectural robot was analyzed based on the measured fre-
quency characteristics. According to the results of the
modal analysis, it was clarified that the axial and angu-
lar stiffness of the bearings of each joint of the robot sig-
nificantly impacted the vibration characteristics. There-
fore, a mathematical model of the robot was developed by
considering the joint bearing stiffness. The mathematical
model that also considered the kinematics of the robot,
stiffness of reduction gears, control system for motors,
and disturbances, such as friction and gravity was intro-
duced into the model.

The validity of the model was confirmed through sim-
ulations of the vibration mode and circular trajectories.
As a result, it is confirmed that the proposed model can
adequately express the vibration owing to the joint bear-
ing stiffness, except for the simulation accuracy. It is
also confirmed that the proposed model can adequately
express the trend of dynamic motion errors of the robot
owing to its dynamic characteristics, including the influ-
ence of joint bearing stiffness.

The authors will try to improve the simulation accu-
racy by developing new parameter identification methods.
Control techniques that can suppress vibrations will also
be considered based on the model.
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