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A 5-axis machining center (5MC) is noted for its
synchronous control capability, making it a feasible
tool for quickly and accurately machining complicated
three-dimensional surfaces such as propellers and hy-
poid gears as it is equipped with a direct-drive (DD)
motor in the rotary axis. The current research work
identified the necessity of improving both the accu-
racy of the machined shape and the consistency of the
free-form machined surface. A method for maintain-
ing the feed speed vector at the milling point by con-
trolling two linear axes and the rotary axis of a 5MC
to improve the quality of the machined surface was in-
vestigated. Additionally, a method was proposed for
reducing the shape error of machined workpieces by
considering differences in the servo characteristics of
the three axes. The shape error was significantly re-
duced by applying the proposed method using a prece-
dent control coefficient determined via calculations.
To maintain the feed speed vector at the milling point
in the machining of complex shapes, rapid velocity
change in each axis is often required, leading to in-
accuracy caused by torque saturation at a DD motor
in the rotary axis. The results of this study indicate
that torque saturation can be evaluated via simulation
and that the machining accuracy and consistency can
be improved by accounting for these errors using the
proposed precedent control coefficient method.

Keywords: 5-axis machining center, synchronous mo-
tion, machined shape error, servo, torque saturation

1. Introduction

Recently, the 5-axis machining center (5MC), which is
equipped with three linear axes and two rotary axes of mo-
tion, has become a widely accepted manufacturing tech-
nology [1, 2]. Currently, the rotary axes are typically used

as indices, and work is most often performed using only
the three linear axes. However, 5MCs are notable for their
synchronous control capability, which makes them feasi-
ble for rapidly machining complex three-dimensional sur-
faces such as propellers and hypoid gears [3, 4]. In recent
years, research has been conducted to reduce the decli-
nation from the ordered trace and to improve the geo-
metric accuracy of machining motion by using advanced
and high-precision contouring controls, as well as by ad-
justing parameters [5–7]. However, there has been lit-
tle research into processing technology that provides syn-
chronous control using both linear and rotary axes. As in-
dicated by previous studies, it is necessary to improve not
only the machined shape accuracy but also the machined
surface roughness of free-form surfaces. In particular, it
is important to maintain a consistent surface roughness
over an entire machined surface. A method for maintain-
ing the surface quality of a machined curved surface has
been proposed that utilizes the synchronous motion char-
acteristics of a 5MC to coordinate motion between two
linear axes and a rotary axis, as this level of quality is
difficult to accomplish with a three-axis machining cen-
ter (3MC) [8, 9]. This method can effectively control the
surface roughness of the entire machined surface because
a computer numerical control (CNC) program is used to
maintain the feed speed vector at the milling point on the
surface at a constant speed and direction. This method
can prevent errors parallel to the feed speed vector at the
milling point, such as a quadrant projection, from affect-
ing the shape error. Additionally, because the relative po-
sition between the workpiece and tool remains unchanged
and the cutting point receives a fixed quantity of air, this
method can retain the involution of the chip. Moreover,
although 5MCs generally have static rigidity, heat trans-
formation, motion rigidity, orthogonality, and anisotropy,
this method can reduce their influence by keeping the
magnitude and direction of the cutting resistance constant.
However, the causes of errors that can influence the qual-
ity of the machined shape when CNC is employed have
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not been discussed.
To address this gap in understanding, in the present

study, CNC precedent control (Pre-Control) was used to
cut a circular shape with the objective of investigating the
causes of shape error, and then a processing method for
reducing this shape error was developed. First, an equa-
tion was developed to model the shape error using a pre-
dicted cause of error. Second, the validity of this assump-
tion was examined using data from CNC machining tests.
In the final step, the most appropriate processing method
was determined via a comparison of machining results.
The results indicated that the observed error was caused
by a decrease in the circle radius due to the circular inter-
polation motion between the two linear axes and a rela-
tive angle difference between the linear axes and the ro-
tary axis. Accordingly, a method for solving the shape er-
ror of machined workpieces that considers the differences
between the servo characteristics of these three axes was
proposed. To reduce the influence of these factors even
in the case of high-angular-velocity movement, a theoret-
ical method was developed to determine the most suitable
KFFP (precedent control coefficient) of each axis by us-
ing a block diagram that considers torque saturation. Al-
though various disturbances occur during workpiece cut-
ting, in this study, we focused on investigating the motion
error under numerical control (NC)-commanded motion
as the first step to diagnose many factors. However, it
is considered that the method developed in this study has
a certain effect because the processing load is extremely
small in the case of cutting a soft metal for finishing [10].

2. Definitions

2.1. Definition of Contour Line (CL) [9]
The CL tool path in a 3MC is defined as the line trac-

ing an offset surface that is in contact with the tool and
the intersecting plane that is perpendicular to the Z-axis.
However, in 5MCs, the CL cannot be defined this way,
because the relationship between the workpiece position
and the Z-axis may change depending on the rotary axis
control. Therefore, in this study, the CL was defined as
the line given by the intersection of the offset surface in
contact with the tool and the plane perpendicular to the
central axis OW of the workpiece, as shown in Fig. 1.

2.2. Feed Speed Vector at Cutting Point
The feed speed in the cutting of an endmill is gener-

ally the velocity of the center of the endmill tool. The
feed speed F of the central axis of the tool and the feed
speed FC at the cutting point are equal in the cutting of a
flat plane, as shown in Fig. 2(a), but they are not equal in
the cutting of a curved surface, as shown in Fig. 2(b). The
cutting phenomenon changes depending on the curvature
of the workpiece. It was considered necessary to focus
on this phenomenon, as it affects the surface quality. To
this end, a new definition of the feed speed at the cutting
point is proposed. Fig. 3 depicts the feed speed vector

Fig. 1. Definition of the CL for a 5MC (X-Z plane).

(a) Flat surface (b) Curved surface

Fig. 2. Flat- and curved-surface machining.
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Fig. 3. Trajectory of motion under a constant feed speed
vector at the cutting point (X-Y plane, P-P′ section).

at the cutting point, defining a tangent vector as the feed
speed FC at the cutting point in Section P-P′, which in-
cludes the cutting point at right angles to the central axis
of the endmill.

However, in the case of cutting workpieces with irreg-
ular surfaces, it is impossible to maintain the feed speed
at the cutting point, because the rotary axis momentarily
turns the other way when its angular velocity is zero, as
shown in Fig. 4.

2.3. Definition of Constant Feed Speed Vector at
Cutting Point [11–13]

Figure 3 presents a model diagram for cutting the out-
line of a circle in two dimensions, where FC represents
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Fig. 4. Cutting a workpiece with an irregular surface.

the feed speed at the cutting point, RC represents the ra-
dius of curvature of the workpiece, and ωR represents the
angular velocity of the C-axis. Clearly, ωR can be derived
from FC and RC as follows:

ωR =
FC

RC
. . . . . . . . . . . . . . . (1)

If F represents the command feed speed of the center of
the tool, RW represents the distance from the origin of
the machine coordinate system to the center of curvature,
and ωT represents the angular velocity of the center of the
tool. ωT can be derived from F and RW as follows:

ωT =
F

RW
. . . . . . . . . . . . . . . (2)

If ωR and ωT are equal, the feed speed vector at the cutting
point is constant and can be expressed as:

FC

RC
=

F
RW

. . . . . . . . . . . . . . . (3)

In this study, the feed speed vector at the cutting point was
considered in the case of a constant RC, RW , F , and ωR.

2.4. Required Angular Velocity and Moment of
Inertia of Load Around Rotary Axis of Table

In this study, the objective was to maintain the feed
speed vector at the milling point in the machining of
complex shapes. When machining complex shapes in
this manner, it is generally difficult to realize high syn-
chronous control, because of rapid velocity changes in
each axis. Typically, methods for maintaining the feed
speed vector at the milling point are employed at low feed
speeds (≤100 mm/min) at the cutting point [14, 15]. This
approach is generally avoided because of the low pro-
ductivity resulting from the required low feed speed. A
method that can realize high synchronous control with-
out reducing the feed speed to 100 mm/min would result
in an increase in the industrial value of high synchronous
control.

Initially, the required angular velocity of the C-axis
ωR [rad/s] was considered. Fig. 5 depicts the relation-
ship between RC and ωR derived from Eq. (1). Here,

R

F
F
F
F

Fig. 5. Relationship between the radius of curvature and the
angular velocity.

it can be observed that there is a proportional relation-
ship between FC and RC and that there is an inverse re-
lationship between FC and ωR. A higher FC and smaller
RC yield a higher ωR. Considering that the required FC
is 200 mm/min, which is higher than the feed speed of-
ten used in this method, the required ωR is 10.0 rad/s
(3.2π rad/s) (from Fig. 5) when the radius of curvature
of the workpiece is approximately 0.5 mm. Moreover,
because the acceleration/deceleration time for this transi-
tion is generally 0.1 s, the maximum value of the angular
acceleration is 143 rad/s2 for maintaining the feed speed
vector at the milling point; thus, an extremely high motor
torque is needed [16]. Therefore, when machining com-
plex shapes using this method, rapid velocity changes in
the rotary axis are inevitable; hence, the rotary axis can be
considered the key axis for improving synchronous preci-
sion.

In applying the proposed synchronous control method,
the focus was on not only the angular acceleration but also
the moment of inertia of the load around the rotary axis of
the table. The 5MC is often used for machining complex
shapes, such as molds. It often requires high-precision
machining with microscale accuracy, and the moment of
inertia relative to the center of the rotary axis of the table
is 5.0 kg·m2.

Thus, for increasing the practicability of the proposed
synchronous control method, a high moment of inertia of
the load around the rotary axis of the table should be as-
sumed.

3. Experimental Methods

In this study, NMV5000 (DMG MORI Co., Ltd.)
5MC CNC was used (Fig. 6). The machining center
could move along three linear axes (X ,Y,Z) and two ro-
tary axes (B,C). The B- and C-axes were driven by
direct-drive (DD) motors. Two linear axes (X ,Y ) and
a rotary axis C were used. Fig. 3 shows the trajectory
of motion for the tests. The feed speed vector was kept
constant at the cutting point. In this state, the condition
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Fig. 6. Model of the 5MC used in this study.
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Fig. 7. Values measured by SERVO GUIDE.
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Fig. 8. Geometric model for determining the shape error.

FC : F = RC : RW can be satisfied. The selected feed speed
vector was parallel to the Y -axis in the negative direction.
The total moment of inertia J +J1 was changed by apply-
ing three different work patterns with moments of inertia
of J1 = 1.70, 3.24, and 4.77 kg·m2 acting around the ro-
tary axis of the table. In these tests, the radius RC of the
circles was 5 mm, and the offset RW was 8 mm. The an-
gular velocity ω was changed to 0.5π , π , 1.5π , 2π , 3π ,
and 4π rad/s, and the feed speed F was changed to 754,
1507, 2261, 3014, 4522, and 6029 mm/min. The default
value of the position proportional gain Kpp was 30 in all
axes.

4. Analysis Methods

4.1. Evaluation Method

The CNC tuning software SERVO GUIDE was used to
obtain NC data from the 5MC. This software measured
displacement from the starting measurement position at
given intervals during a previously defined cycle. In this
experiment, the location (Xi,Yi) (in mm) along the linear
axes (X ,Y ) and Ci (in degrees) around the rotary axis C
were measured at 1 ms intervals, as shown in Fig. 7.

Figure 8 depicts the relationship between the mea-
sured cutting point (XL,YL) and the commanded cutting

point (XR,YR). The measured cutting point was the re-
sponse of the position of the servomotor, and the com-
manded cutting point was the commanded position. The
point where the straight line connecting the center of
the workpiece to the center of the tool crossed the outer
circumference of the tool is the measured cutting point.
However, for simplification, the left edge of the tool was
defined as the measured cutting point. When a gap oc-
curred between the two points, an error vector εεε(εX ,εY )
was generated between them. The components of this er-
ror vector were defined as{

εX = XL −XR,

εY =YL −YR.
. . . . . . . . . . . (4)

In these tests, the Pythagorean theorem was employed
to evaluate the right-angled triangle generated using the
center of curvature and the two cutting points as its
apexes.

(RC −ΔRC)2 = (RC − εX )2 + εY
2. . . . . . (5)

Here, ΔRC represents the shape error. In expanding this
expression, ΔRC

2, εX
2, and εY

2 can be approximated as
zero when it is assumed that ΔRC

2, εX
2, and εY

2 � 1.
Then, the shape error ΔRC is similar to the X-component
of the error vector εεε as

ΔRC (t) ∼= εX (t) = XL (t)−XR (t) . . . . . . (6)
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(a) Rotary axis
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Fig. 9. Angle-difference model for the delay of the response
of each axis.

4.2. Shape Error Expression

Initially, we focused on the frequency inputs in the lin-
ear axes and the lamp input in the rotary axis, and all er-
ror factors that could influence the shape were considered.
There were three possible error factors, as follows.

• Radius decrease caused by the arc motion (frequency
response) of the linear axes, ΔR [μm], >0 [17].

• Angle difference caused by reply delay of the lamp
input of the rotary axis, α [mrad], >0 (Fig. 9(a)).

• Angle difference caused by reply delay of the
trigonometric function of the linear axes, β [mrad],
>0 (Fig. 9(b)).

When α �= β , the error is particular to the 5MC pro-
cess. The coordinates of the cutting points in these er-
ror factors were derived as functions of time, and empha-
sis was placed on the importance of the X-coordinate of
each cutting point as a result of Eq. (6). The expression
XRth = RW cos(ωt −α)+ RC was then valid with respect
to the rotary axis, and XLth = (RW −ΔR)cos(ωt−β )+RC
was valid with respect to the linear axis. Here, XRth
and XLth were substituted for the variables XR and XL in
Eq. (6). In expanding these expressions, a primary ap-
proximation of the trigonometric function was performed,
and it was assumed that the product of the error quantities
was close to 0, considering their small size. The theoreti-
cal shape error can then be expressed as

ΔRCth(t) ≈−(α −β )RW sinωt −ΔRcosωt, . (7)

T
T

(a) Conventional precedent control

T

T

T

(b) Pre-Control

Fig. 10. New precedent control model.

where t = 0 is the time at which movement began, assum-
ing that there was no dead time. Then, the phase delay of
the rotary axis and the linear axes can be expressed as

α = ωt − tan−1 YR

XR −RC
, . . . . . . . . (8)

β = ωt − tan−1 YL

XL −RC
. . . . . . . . . . (9)

In these equations, the difference between α and β can be
expressed as

α −β = tan−1 YL

XL −RC
− tan−1 YR

XR −RC
. . . (10)

Therefore, the radius decrease can be expressed as

ΔR =
√

(XL −RC)2 +YL
2 −RW . . . . . . . (11)

The phase delays of the rotary and linear axes, the dif-
ference between α and β , and the radius decrease were
then calculated using Eqs. (8) and (9), Eqs. (10) and (11),
respectively.

4.3. General Method for Reducing Shape Error
In Section 4.2, it was assumed that the main factors

contributing to the shape error were a decrease in the ra-
dius and a relative angle difference. It is theorized that the
shape error can be reduced by reducing these factors. To
reduce the shape error, the precedent control of the 5MC
is typically used. However, an averaging delay Ta [s]
occurs when the order level is averaged to lower speed
errors from the precedent control based on the conven-
tional digital control, as shown in Fig. 10(a). Here, ITP
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r

Fig. 11. Block diagram of the feed drive system.

is an interpolation period in it. However, the new prece-
dent control (Pre-Control) improves the Ta by reading the
preceding NC data for Tp, as shown in Fig. 10(b). Us-
ing Pre-Control, the flatness characteristics are improved
compared with the case of the conventional precedent
control. Thus, the use of a Pre-Control function to reduce
the shape error was considered appropriate for this study.

In a previous study [18], Pre-Control was used, and a
Pre-Control coefficient (KFFP) of 100% was determined as
an initial set point that provided a reduced error resulting
from a radius decrease and improved phase delay along
each axis over the new precedent control. However, the
error due to the relative angle difference was not improved
at all, indicating that the shape error was not improved
using Pre-Control.

Pre-Control has been successfully applied to decrease
the gap between the intended machine movement and its
actual movement, and it is effective for improving pre-
cision. However, the use of Pre-Control at an initial set
point is poorly suited for improving the synchronization
of movement along each axis.

4.4. Experimental Method for Reducing Shape
Error

As discussed in Section 4.3, the shape error is not im-
proved by using only Pre-Control at an initial set point.
Therefore, it is important to develop a method to decrease
the relative angle difference for effectively reducing the
shape error.

To accomplish this objective, the reduction of rela-
tive angle difference (α − β ) by setting KFFP appropri-
ately for each axis is proposed. The trial-and-error pro-
cess of experimentally determining the most appropriate
value of KFFP is time-consuming; thus, a model including
Pre-Control was constructed for theoretically determining
the optimal values for KFFP.

4.5. Modeling of Pre-Control
Figure 11 presents a block diagram of the feed drive

system of the 5MC, including both the rotary and lin-
ear axes. This model is a single-degree-of-freedom sys-
tem and is generally applied to the control of the linear
axes [19, 20]. Table 1 presents the values for the param-
eters in Fig. 11. These parameters were identified using
simulation software. GR (s) was defined as the transmis-
sion function of the rotary axis, and GL(s) was defined
as the transmission function of the linear axis. Kpp, Kvp,
Kvi, KFFP, and Ts were the set values of NC. J, C, Ta, and

Table 1. Parameters of the model of the feed drive.

Parameter Unit X Y C

J (Equivalent inertia of mechanism) kg·m2 4.5 5.0 4.2

J1 (Inertia road) kg·m2 – ∗
C (Viscous damping coefficient) Nms/rad 1.0 5.0

Kpp (Position proportional gain) rad/ms or 1/s 60 60

Kvp (Velocity proportional gain) Nms/rad 177.5 4700

Kvi (Velocity integrator gain) Nms/rad 0.198 0.274

KFFP (Prefeedforward coefficient) % ∗ ∗
KFFP

′ (Prefeedforward gain) 1/s KFFP ×KFF/100

KFF (Feedforward gain) 1/s 2π/l 1

l (Lead of ball screw) m 0.016 –

r (Transformation coefficient) m/rad l/2π 1

Ts (Smoothing time constant) s 0.05 0.064

Ta (Averaging time constant) s 0.015 0.015

Tp (Preceding time constant) s 0.0155 0.005

∗set value

Tp were determined in the values to be matched with the
transient state of the motion in Fig. 3. In the case of con-
sidering the inclination of the B-axis, the frequency inputs
are needed in the X-, Y -, and Z-axes, and a clause for the
load torque due to the gravity of the workpiece must be
inserted behind the speed loop.

4.6. Derivation of Theoretical Radius Decrease and
Relative Angle Difference

The theoretical radius decrease ΔRth [μm] was de-
termined by the angular velocity ω [rad/s], the gain
|GL( jω)| in the transmission function of the linear axis
GL(s), and the radius of order RW [mm]:

ΔRth = (1−|GL ( jω) |)×RW ×103. . . . . (12)

Next, to define the phase delay of the rotary axis, the
steady-state error was defined, as follows. In the case of
a closed-circuit system of direct connection feedback, the
steady-state error is generally defined as

lim
s→0

sE(s) = lim
s→0

(
s

1+G(s)
·F (s)

)
. . . . . (13)

GR (s) is a closed-loop transfer function and is converted
into the closed-loop G(s) as follows:

G(s)
1+G(s)

= GR (s) , . . . . . . . . . . (14)

G(s) =
GR (s)

1−GR (s)
. . . . . . . . . . (15)

Considering the lamp input in the rotary axis,

F (s) =
ω
s2 . . . . . . . . . . . . . . . (16)

Therefore, the phase delay of the rotary axis is defined as

684 Int. J. of Automation Technology Vol.13 No.5, 2019



Improved Method for Synchronizing Motion Accuracy of Linear and
Rotary Axes Under Constant Feed Speed Vector at End Milling Point

αth = lim
s→0

⎛
⎜⎜⎝ s

1+
GR (s)

1−GR (s)

· ω
s2

⎞
⎟⎟⎠ . . . . . . (17)

The phase delays of the linear axes, considering the
trigonometric function input in the linear axes, can then
be defined as

βth = −∠GL ( jω) . . . . . . . . . . . . (18)

Using Eqs. (17) and (18), considering that the relative an-
gle difference is determined by calculating the difference
between the phase delays of the rotary and linear axes, the
relative angle difference can be expressed as

αth −βth = lim
s→0

⎛
⎜⎜⎝ s

1+
GR (s)

1−GR (s)

· ω
s2

⎞
⎟⎟⎠+∠GL ( jω) .

. . . . . . . . . . . . . . . (19)

4.7. Best KFFP Method [18]
Using the proposed models, a method for identifying

the most suitable KFFP at which the relative angle differ-
ence (αth − βth) is zero was developed. This method is
called the Best KFFP Method. Considering that the rela-
tive angle difference is determined by calculating the dif-
ference between the phase delays of the rotary and linear
axes, the algorithm of this method is:

(Cin −GRCin)−∠GL ( jω) = 0, . . . . . . (20)

where GR and GL represent transfer functions of the ro-
tary axis and the linear axes, respectively, and Cin and ω
represent the lamp input of the rotary axis and angular
momentum functions, respectively, of time t.

5. Results and Discussion

5.1. Discussion of Cause of Shape Error
Figure 12 depicts the shape error (vertical axis) with

respect to time (horizontal axis) for the following condi-
tions: J + J1 = 5.9 kg·m2, ω = π rad/s, and dω/dt =
π/0.064 rad/s2. In the experiments, a radius decrease
clearly had a significant influence on the shape error. A
reduction in the radius decrease ΔR was accomplished by
compensating for the command radius of the

circular interpolation control. The shape error mani-
fested as a sine wave whose amplitude was determined by
the offset RW and the relative angle difference (α − β ).
However, Fig. 12 does not show the tendency of a simple
sine wave; the relative angle difference was investigated
to determine the reason for this. Fig. 13 depicts the rela-
tive angle difference (vertical axis) over time (horizontal
axis). A spike-shaped shape error is observed at 129 ms
in Fig. 12, corresponding to a spike-shaped relative angle
difference in Fig. 13. The presence of a spike-shaped rela-
tive angle difference is an indication of a difference in the

Fig. 12. Experimental results for the shape error under the
following conditions: J + J1 = 5.9 kg·m2 and ω = π rad/s.

Fig. 13. Experimental results for the relative angle differ-
ence under the following conditions: J +J1 = 5.9 kg·m2 and
ω = π rad/s.

J+J1

J+J1

J+J1

Fig. 14. Experimental results for the shape error under var-
ious conditions.

dynamic characteristics of the rotary axis and the linear
axes. This error can easily be avoided by not contacting
the part with the machining tool at a transient location on
the axes; thus, in this study, we focused on a steady-state.

Figures 14 and 15 show the relationship between the
average of the half-amplitude of the shape errors and the
average of the relative angle differences, respectively, and
the angular velocity under different moments of inertia. It
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J+J1

J+J1

J+J1

Fig. 15. Experimental results for the relative angle differ-
ence under various conditions.

Fig. 16. Angular velocity on each axis under the following
conditions: J + J1 = 5.9 kg·m2 and ω = 3.2π rad/s.

is important to consider the maximum and minimum val-
ues of the shape error; thus, high importance was placed
on the average of the half-amplitude of the shape error.
According to these results, a higher the angular velocity ω
corresponded to larger average values of the relative an-
gle difference (α−β ) and a larger magnitude of the shape
errors at the half-amplitude.

To ascertain the cause of the observed relative angle
difference, the angular velocity of each axis was investi-
gated under the following conditions: J +J1 = 5.9 kg·m2,
ω = 3.2π rad/s, and dω/dt = 3.2π/0.064 rad/s2. Fig. 16
depicts the experimental results. The time at which the
linear axes moved at the intended angular velocity was
236 ms, although the rotary axis needed 263 ms to move
at the same angular velocity. Thus, it can be stated that the
rotary axis followed the target angular velocity less effec-
tively than the linear axes. This behavior indicates that
the average values of the relative angle difference (α −β )
became large.

5.2. Suggestion of Models Considering Torque
Saturation

Next, the reason why the rotary axis poorly followed
the target angular velocity at high values was examined.
A phenomenon called torque saturation occurs when a
torque order exceeds the limits of a servo system, reduc-

J+J1

J+J1

J+J1

J+J1

J+J1

J+J1

Fig. 17. Experimental and simulation results for the torque.

(a) Linear axes

(b) Rotary axis

Fig. 18. Revised block diagrams of the feed drive system.

ing the ability of the axis to follow when under the prece-
dent control [21]. In general, this tends to occur in DD
motor systems. Therefore, the torque of the rotary axis
was the focus of this part of the investigation.

The plots in Fig. 17 depict the torque of the rotary axis
at different angular velocities, as determined by an exper-
iment. The angular acceleration (dω/dt) was obtained
by calculating the maximum value of the second-order
derivative of the displacement of the rotary axis with re-
spect to time. The dashed lines in Fig. 17 represent the
simulated results for the rotary axis torque based on the
block diagram in Fig. 18. From Fig. 17, 725 Nm can be
verified as the torque saturation value using the experi-
mental results for the torque under the following condi-
tions: J + J1 = 5.9 kg·m2 and ω = 3.2π rad/s (Fig. 19).
Moreover, according to Fig. 17, the angular accelera-
tion at which torque saturation occurs can be estimated.
For example, torque saturation occurs at dω/dt =146.7,
118.5, and 91.1 rad/s2 when the moments of inertia are
J + J1 = 5.9, 7.4, and 8.9 kg·m2, respectively.

The dashed lines in Fig. 20 represent the simulated av-
erage values of the relative angle difference (α −β ) cal-
culated as shown in Fig. 18. The plots in Fig. 20 present
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Fig. 19. Experimental results for the motor torque un-
der the following conditions: J + J1 = 5.9 kg·m2 and ω =
3.2π rad/s.

J+J1

J+J1

J+J1

J+J1

J+J1

J+J1

Fig. 20. Experimental and simulation results for the relative
angle difference in various states.

the experimental results provided in Fig. 15 for compar-
ison. From Fig. 20, it is clear that the experimental and
simulated results agreed well, and the average values of
the relative angle difference (α − β ) were estimated by
applying the block diagram in Fig. 18, which addresses
the torque saturation of the rotary axis. The torque satura-
tion occurred at ω = 9.39, 7.58, and 5.83 rad/s when the
moments of inertia were J +J1 = 5.9, 7.4, and 8.9 kg·m2,
respectively. Fig. 21 depicts the relationship between RC
and ωR, as shown in Fig. 5, where torque saturation oc-
curred. As indicated by Fig. 21, torque saturation oc-
curred during machining at RC = 0.36, 0.44, and 0.57 mm
when the moments of inertia were J + J1 = 5.9, 7.4, and
8.9 kg·m2, respectively, at an end milling point feed speed
of FC = 200 mm/min.

5.3. Applying Best KFFP Method
Next, using the proposed models, the potential reduc-

tion in the shape error was estimated using the Best KFFP
Method (Eq. (20)). Fig. 22 shows the optimal KFFP val-
ues calculated using the Best KFFP Method. Fig. 23 de-
picts the relative angle difference (vertical axis) over time
(horizontal axis) before and after an optimal KFFP was ap-
plied, under the following conditions: J +J1 = 5.9 kg·m2,

R

F
F
F
F

J J
J J
J J

Fig. 21. Relationship between RC and ωR in consideration
of the inflection point.

K
J+J1

J+J1

J+J1

Fig. 22. Optimal values of KFFP.

Fig. 23. Relative angle difference in setting the optimal
KFFP under the following conditions: J+J1 = 5.9 kg·m2 and
ω = 3.2π rad/s.

ω = π rad/s, and dω/dt = π/0.064 rad/s2. Fig. 24 de-
picts the angular velocity (vertical axis) of the rotary and
linear axes over time (horizontal axis) under the same con-
ditions. Fig. 25 depicts the shape error (vertical axis) over
time (horizontal axis) before and after the optimal KFFP
was applied. Clearly, by applying an optimal KFFP that
was lower than the default value of 100%, the time at
which the linear axes moved at the intended angular ve-
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Fig. 24. Angular velocity on each axis in setting the optimal
KFFP under the following conditions: J +J1 = 5.9 kg·m2 and
ω = 3.2π rad/s.

Fig. 25. Shape error in setting the optimal KFFP under
the following conditions: J + J1 = 5.9 kg·m2 and ω =
3.2π rad/s.

J+J1

J+J1
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J+J1
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J+J1

Fig. 26. Experimental results for the shape error under the
optimal KFFP method in various states.

locity was delayed, as shown in Fig. 24. As indicated
by Fig. 23, the relative angle difference was reduced ow-
ing to this delay. Consequently, the shape error was re-
duced, as shown in Fig. 25. Fig. 26 shows the shape er-
rors obtained using the optimal KFFP values for various
conditions. The results were obtained as the average re-

sults of five repeated calculations for verification of the
reproducibility. According to these results, the shape er-
rors were improved for all conditions by applying the Best
KFFP Method. This successful improvement under condi-
tions of a high-angular-velocity was realized by using the
block diagram shown in Fig. 18, as it addresses torque
saturation.

6. Conclusions

A 5MC equipped with a precedent control
(Pre-Control) function was evaluated during a CNC
process, and the results were analyzed to improve the
machined shape error. Under a constant feed speed
vector at the cutting point, the factors contributing to
the shape error were a decrease in radius and a relative
angle difference between the rotary and linear axes.
To reduce the influence of these factors even under
high-angular-velocity conditions, the optimal KFFP
(precedent control coefficient) of each axis was deter-
mined via calculations using a derived block diagram
considering the torque saturation in a DD motor rotary
axis based on modeling of the precedent control. This
method resulted in improved machining accuracy in
the 5MC CNC process without sacrificing speed or
efficiency.
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