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Mechatronic structures deform under static and dy-
namic loads. These deformations lead to deviations at
the tool center point (TCP), affecting the reachable ac-
curacy and/or productivity of the machines. The scope
of this work is the comparison of calculations and mea-
surements of different static and dynamic errors on a
dynamic test bench. A reduced-order modelling ap-
proach is applied for the test bench modelling. It uses
a combination of modal condensation and moment-
matching methods with Krylov subspaces. The differ-
ent modelling steps and requirements are presented.
The same model is used for all static and dynamic eval-
uations presented within this paper. Static deforma-
tions, leading to roll and pitch deviations at the TCP
of the test bench structure, are simulated using the de-
scribed modelling methodology and validated by in-
clination measurements. The modal behavior of the
system is investigated by calculation and compared
to the measurements at a single axes position. The
spatial change of the frequency response functions of
the modelled system is investigated further, by cal-
culation and measurement of the velocity open-loop
FRFs of one axis for different machine configurations.
In addition, a transient trajectory simulation is per-
formed and compared to the Heidenhain KGM and
encoder measurements. The large variety of compar-
isons shows the efficient applicability of the modelling
environment MORe.

Keywords: machine dynamics, modelling, measure-
ments, control

1. Introduction

Mechatronic structures deform under gravitational and
dynamic loads. These deformations lead to deviations at
the tool center point (TCP). The scope of this work is the
efficient simulation and accurate measurement of differ-
ent static and dynamic errors.

For the prediction of the accuracy and performance of
mechatronic systems in terms of static and dynamic struc-
tural deviations, efficient and accurate simulation is re-

quired. Therefore, in [1], a new modelling procedure, us-
ing reduced-order FE-models with Fourier interface cou-
pling is implemented into a software environment named
MORe [2]. A combination of modal condensation tech-
niques [3] and moment-matching Krylov-subspace meth-
ods [4] is used to reduce the model order of each structural
component of the FE-model.

In contrast to the parabolic approach, proposed in [5],
a new Fourier-series approach is used for the coupling of
the reduced order FE-elements.

Based on and in addition to the static roll and pitch an-
gle calculations and measurements presented in [6], mea-
surements and simulations of the modal structure behav-
ior, spatial frequency response functions (FRFs), and tran-
sient motions are shown for the example of a gantry test
bench system.

2. Modelling Methodology

Machine tool structures basically have similar static
and dynamic properties, which are:

• large linear and rotational motions.

• small deformations compared to the motion range.

• limited excitation frequency range.

All these properties have to be represented by an ap-
propriate machine model. Further, they might be taken
advantage of in order to derive a more efficient and ac-
curate modelling procedure. For this, in [1], a modelling
framework called MORe [2] was presented; it is used for
the machine model derived within this work. MORe uses
reduced-order FE-models with Fourier-interface coupling
and basically contains four model elements: components,
interfaces, links, and composition; these are explained
further in the following sections.

2.1. Components
Each component is a single reduced-order FE-model

representing a structural machine element such as the ma-
chine bed or mass (e.g., table) moved by an axis. In
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addition, the rotor of a motor or the spindle of a ball-
screw drive are represented as components. The software
Ansys R© was used for the component meshing and export
of the original size FE-mass and stiffness matrices.

In MORe, the order of the component’s original large-
scale mass and stiffness matrices is reduced using modal
condensation and Krylov subspace methods. Krylov sub-
space reduction is used with a single expansion point at
the static frequency of ω = 0 rad/s to ensure correct com-
putation of the structural deformation under static load. In
addition, modal condensation is used to represent the dy-
namic structural stiffness, by introducing all natural fre-
quencies up to a definable threshold maximum frequency
ωr into the reduction basis.

Therefore, the dynamics of each component i is repre-
sented by its reduced order mass Mi

r, damping Di
r, and

stiffness matrix Ki
r:

Mi
r · q̈i +Di

r · q̇i +Ki
r ·qi = Fi . . . . . . . (1)

where qi and Fi are the model states vector and external
force input vector, respectively.

For detailed information regarding the mathematical
formulation of the reduction algorithm used in MORe, re-
fer to [1, 7].

The reduced system has been shown to represent the
original component’s behavior within a predictable error
bound in [1] if the excitation and response frequencies
in the range of 0 to (ωr/κ) are considered, where κ > 1
denotes the frequency range restriction factor [7]. This
factor needs to be introduced, because natural frequen-
cies slightly above ωr affect the reduction error negatively
around this frequency. Furthermore, the error at the eigen-
values of the original systems are matched exactly by the
modal condensation, which means that the error is zero at
these specific frequencies.

To define ωr one needs to measure or estimate the max-
imum excitation frequency of the system, resulting from
either the axes motion, the process, or external perturba-
tions such as floor vibrations.

2.2. Interfaces
Interfaces define all local regions (faces) on a com-

ponent, where either a force is applied or a posi-
tion/velocity/acceleration is read. Interfaces represent the
system inputs and outputs. The input vector ui of inter-
face i can be interpreted as the averaged force and torque
component acting on the interface in up to six directions,
whereas the output vector xi denotes the averaged linear
or rotary displacement of the interface nodes. The inputs
and outputs are represented by the the input matrix Bi

r and
output matrix Ci

r, respectively:

Fi = Bi
r ·ui . . . . . . . . . . . . . . (2)

xi = Ci
r ·qi . . . . . . . . . . . . . . (3)

where Bi
r is the component interface input matrix, Ci

r the
output matrix, qi the system states and Fi the states in-
put vector. For guaranteed stability after reduction of an

Fig. 1. Two stationary interfaces (guiding slide and TCP)
with corresponding local coordinate system u,v,w.

Fig. 2. Moving Fourier interface on a rail at path position s
with trapezoidal force distribution width d.

originally stable large system [8] there cannot be any dis-
tinction between the input and output. Therefore the fol-
lowing holds:

Ci
r = Bi

r
T
, . . . . . . . . . . . . . . (4)

where each column of Bi
r represents one single interface

input or output nodal weighting vector. All interfaces
have their own local coordinate system u,v,w. The inter-
face weighting matrices Bi

r are used for the Krylov sub-
space reduction, and its size (number of columns) is a
lower bound for the reduced component reachable min-
imum order. Each interface has up to six degrees of free-
dom (DOFs), each represented by a column in Bi

r.
Two different types of interfaces are introduced:

• Stationary interfaces with up to six DOFs.

• Moving Fourier interfaces with up to six DOFs.

Stationary interfaces are used if the interface location
is not moving relatively to the component. As an exam-
ple, Fig. 1 shows two stationary interfaces for one guiding
slide and the tool center point (TCP) on a machine com-
ponent with their corresponding local coordinate systems.
The guiding slide interface is used as the force input for
the flexible connection of the component to the rail. The
TCP interface is used to read its position and velocity.

In contrast, moving interfaces are used if the interface
position moves relative to the corresponding component,
as it is needed for the connection of the guiding slide to
the corresponding rail. As an example, Fig. 2 shows a
moving interface on a guiding rail at an arbitrary path po-
sition s. For the moving interface definition with total path
length L, a Fourier series of sinusoidal force input signals
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Fig. 3. Composition: assembled system matrices using in-
formation from components, interfaces, and links.

with N harmonics is used to approximate a trapezoidal
force distribution with base length d, where it holds that:

d ≈ L
N

. . . . . . . . . . . . . . . . (5)

2.3. Links
Links represent the possible interactions between two

interfaces. The following three types of links exist:

• Output link: This link is used to read out the rel-
ative position, velocity or acceleration between two
interfaces in local coordinates and in up to six DOFs.
Example: reader head of a linear scale.

• Input link: This link is used to give an action and re-
action force between two interfaces. Example: force
applied by a direct drive.

• Linear-elastic damping and stiffness link: This link
is used for the modelling of linear-elastic coupling
and linear velocity-dependent damping between two
interfaces or the ground. Example: elastic coupling
of guiding slide and rail.

2.4. Composition
In the composition, the overall reduced-order mass,

stiffness, and damping matrices were calculated using
all the information from the interface definitions and the
links to represent the assembled system behavior. Fig. 3
schematically shows an example composition for a sys-
tem with three components, 12 interfaces and seven links.

3. Linear Gantry Stage

A linear gantry stage is used as the test bench for the
measurements and simulation.

3.1. Test Bench
The presented modelling procedure was applied to the

linear gantry stage shown in Fig. 4. The stage consists
of an X-axis in gantry configuration with X1- and X2-
motors, and a Y -axis mounted on the bridge between the

Fig. 4. Linear gantry stage test bench used for static and
dynamic modelling and measurements.

Table 1. Test bench mechanical properties.

XXX1- and XXX2-Axes YYY -axis
Motion range 0.38 m 2.6 m
Kinematic configuration Gantry Single motor
Moving mass 210 kg 39.2 kg

X-motors. All the motors are linear drives from the com-
pany ETEL.

The mechanical properties of the test bench are sum-
marized in Table 1. The gantry stage is controlled using a
MATLAB/Simulink R© interface to the drives for tracking
control.

3.2. Test Bench Model
To apply the modelling methodology described in Sec-

tion 2, CAD data was derived by geometrical measure-
ments of the test bench components as the first step. In
the second step, the CAD data was used to generate FE-
models of each component and to export the correspond-
ing component mass and stiffness matrices to MORe.

Table 2 lists all the model components and their orig-
inal and reduced DOFs. The assembled composition has
a reduced order of 482, including 30 stationary interfaces
and 12 moving interfaces as the input for the model order
reduction algorithm.

Stationary interfaces are defined at the eight stage-
mounting points, each guiding slide (four per motor),
the reader heads (one per motor), motor electromagnets
(one per motor), load acting position, inclination mea-
surement positions, and the TCP.

Moving interfaces are defined on each rail, along the
three optical axis measurement scales and along the per-
manent magnet paths, as the motor force is assumed to act
on the magnets.

It is assumed that the maximum excitation bandwidth is
not higher than ten times the controller bandwidths of ap-
proximately fc = 30 Hz. Therefore, the model is reduced
to:

fr = 10 · fc =
ωr

2π
= 300 Hz . . . . . . . (6)

The maximum relative error bound for the model order
reduction is set as 5%.

This model was used for all further static, dynamic, and
position-dependent simulations detailed in this paper.
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Table 2. Test bench FE-model components and their orig-
inal and reduced model orders. Modal reduction limit fre-
quency fr = 300 Hz.

fr =
ωr

2π
= 300Hz Compo-

nent
DOF’s
original

DOF’s
reduced

X1 & X2-
bodies

98.598 224

X-bridge 292.869 412

Y -slide 42.510 49

Total 433.977 685

4. Static Deformations Under Gravitational
Load

Using the presented test bench and model, the static de-
formations of the test bench structure under gravitational
load at different positions along the Y -axis were simulated
and measured. The simulation and measurement proce-
dure and results are described in this section.

4.1. Experiment
An experiment was performed to measure and simulate

the static deformation of the test bench, exposed to grav-
itation and additional loads. Therefore, the Y -slide was
therefore moved in 5-cm steps from −1.3 m to +1.3 m
three times: the first time without any additional load, the
second time with 18 kg of additional load at the position
indicated by the red arrow in Fig. 4, and the third time
with 58 kg of additional load; this is a total of 53 posi-
tions for each load case.

4.2. Simulation Procedure
To set up the simulations, the positions of the two in-

clination measurement sensors are defined as interfaces in
the model as shown in Fig. 5.

Simulations were performed for all three load cases
of 0 , 18 and 58 kg of additional load at 53 different
Y -axis positions. The Y -axis roll (tilt angle around Y ) and
pitch (tilt angle around X) were evaluated at each position
and for every load case. The total computation time for
all positions and load cases is below 1 min on a standard
desktop work station with 8 CPU’s and 32 GB of RAM.

Fig. 5. Interfaces at the inclination sensor positions with
corresponding local coordinate system u, v, w.

Fig. 6. Roll (right) and pitch (left) angle directions.

Fig. 7. Deformed test bench under gravitation only (0 kg)
at the center position; scaling factor 750.

4.3. Measurement Procedure
For the measurements, the inclination sensors were

placed on the Y -slide as indicated in Fig. 4. Two WYLER
BlueLevel inclination sensors [9] were used simultane-
ously to measure pitch and roll angle of the Y -slide at all
53 Y -positions and for all three load cases. The sensitivity
of the sensors is at 0.001 mm/m according to the manu-
facturer.

In Fig. 6, the rotational positive directions of the in-
clination deviations for roll and pitch are shown in the
corresponding reference plane.

Each measurement was performed multiple times.
However, the repeated measurement results did not ex-
ceed a significant variation, and thus one representative
result was used for the evaluation.

4.4. Results of Static Evaluations
Figure 7 shows the simulated structural static deforma-

tion for the 0 kg load case at the center position, scaled
with a factor of 750. Fig. 8 shows the pitch and roll tilt
angles for the simulation (a) and the measurements (b). It
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(b) Inclination measurement results

Fig. 8. Results of pitch and roll angle measurements and
simulations without reference (raw).

is obvious that the measurements differ significantly from
the simulations, as they include the geometrical errors of
the stage (e.g., straightness), which cannot be included in
the simulation. Therefore, the measurement with no ad-
ditional load was chosen as the reference, to remove the
geometrical error influence.

Figures 9(a) and (b) compares the measurements and
results of the pitch and roll angles, respectively, for the
load cases of 18 kg and 58 kg by subtracting the results
from the 0 kg load case.

4.5. Conclusion of the Static Evaluations
For the presented test bench, the geometrical straight-

ness errors of the rails in the Y -direction are in the same
range as the static deformations due to gravitational load.
Removing the effect of the geometrical errors by using the
0 kg load case as the reference, the results of the pitch an-
gles for increasing loads show a very good match between
the simulation and measurement, as shown in Fig. 9(a).

Greater deviations exist between the measurements and
simulations for the roll angle in Fig. 9(b). It is assumed
that the constant offset between the measured and simu-
lated roll angle is caused by some sort of backlash phe-
nomenon, which appears when the additional load is ap-
plied, especially because the offset is similar for both
18 kg and 58 kg load cases. Nevertheless the local stiff-
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Fig. 9. Tilt angle comparison between measurements and
simulation with load case 0 kg as reference.

ness changes along the Y -axis, resulting in a wave form,
is simulated with high accuracy.

Therefore, the results show that the presented mod-
elling and simulation tool can be used for the efficient and
accurate modelling of the presented load cases.

5. Modal Analysis

A modal analysis was performed using the presented
test bench and its static and dynamic model.

5.1. Analysis Procedure
A modal analysis was performed, using the reduced-

order mass and stiffness matrices of the test bench model.
Therefore, the natural frequencies were calculated by
computing the modes (eigenvalues) and mode-shapes
(eigenvectors) of the reduced-order system. This was con-
ducted using the center position of the X- and Y -axes for
a later comparison with an experimental modal analysis.

The computation time for solving the modal analysis is
below 2 s.

5.2. Measurement Procedure (EMA)
For the comparison of the numerical modal analysis

results, an experimental modal analysis (EMA) was per-
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Table 3. Comparison of results of EMA and the calculation.

Mode
No. Description Frequency

EMA
Frequency
Calculation

1 Bending of X-bridge
around X 36.8 Hz 36.0 Hz

2
Movement of X-bridge
in Y -direction, wing
mode X1

41.8 Hz 39.6 Hz

3
Movement of X-bridge
in Y -direction, wing
mode X2

48.9 Hz 46.3 Hz

4
Movement of X-bridge
in Y -direction, wing
mode X1 and X2

52.4 Hz 49.0 Hz

5 Rotation of X-bridge
around (pitch) Y

58.5 Hz 59.4 Hz

6 Bending of X-bridge
around Z

131.8 Hz 119.9 Hz

7 Two bendings of X-
bridge around X

119.9 Hz 119.0 Hz

formed on the test bench, also at the center positions of
all axes. For this, 3D PCB accelerometers were placed
at 48 different points on the test bench. A hammer pulse
was used for the test bench excitation. The resulting mea-
sured modes and mode shapes were estimated by calcu-
lating the frequency response functions (FRFs) from the
hammer pulse signal to the 3D acceleration sensor sig-
nals and applying a mode-fit. A sampling frequency of
1500 Hz was used.

5.3. Results of Modal Evaluations
The first seven modes and mode shapes with their cor-

responding frequencies and description are shown as a
comparison between the measurement and calculation in
Table 3. Table 4 shows a graphical representation of the
described modes together with the relative errors between
the measured and calculated natural frequencies.

5.4. Conclusion of Modal Evaluations
The simulation and measurement results of the test

bench modal analysis show, that the presented modelling
methodology is capable of computing the mode frequen-
cies and shapes with a relative error below 10%. An error
in this range, can also be expected if full order models
are used. This indicates that reduced-order models can be
used to increase the computation efficiency dramatically,
for modal simulations, without a significant loss in accu-
racy.

6. Position-Dependent FRFs

As the dynamics of machine structures may be highly
dependent on the positions of the axes, it is important

Table 4. Graphic representation of the comparison between
the modes and mode shapes determined via EMA and the
calculation.

Measurement Calculation
Mode No. Shape Shape
Rel. error Frequency Frequency

1

−2.2% 36.8 Hz 36.0 Hz

2

−5.3% 41.8 Hz 39.6 Hz

3

−5.2% 48.9 Hz 46.3 Hz

4

−6.4% 52.4 Hz 49.0 Hz

5

1.4% 58.5 Hz 59.4 Hz

6

−9.1% 131.8 Hz 119.9 Hz

7

−5.3% 119.9 Hz 119.0 Hz

to be able to characterize the structural behavior in the
frequency domain throughout the work space. Therefore
open-loop FRFs were computed by simulation and mea-
surement for the X1- and X2-axes of the test bench, while
moving the Y -axis to 27 different positions in total. The
results of these two approaches are compared in this sec-
tion.

6.1. Analysis Procedure
The velocity open-loop FRFs of the X1- and X2-axes

were computed at 27 positions in total, using the model
presented in Section 3.2.

The required total calculation time could be maintained
at at less than 10 s, due to the low model order.

6.2. Measurement Procedure
The velocity open loop FRFs were also measured at

the same 27 axis positions using a sinusoidal chirp excita-
tion reference trajectory. According to [10], the velocity
gain was set to optimally damp the bandwidth-limiting
first dominant natural frequency in the X-direction
(Mode No.5 in Table 4 at 58.5/59.4 Hz, measure-
ment/simulation).

6.3. Results of FRF Evaluations
The simulated (a) and measured (b) velocity open-loop

spatial surface FRFs at the 27 different Y -positions are
shown in Figs. 10 and 11 for the X1 and X2 motors, re-
spectively. The amplitude is indicated by different shades
of gray.
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6.4. Conclusion of FRF Evaluations
For dynamic systems, such as mechatronic machine

structures, the lowest natural frequency in the axis direc-
tion limits the reachable control bandwidth and is there-
fore responsible for the reachable tracking accuracy. As
described, the limiting natural frequency for the two X-
motors (X1 and X2) of the test bench is Mode No.5 in
Table 4. This resonance mode (first bright line) and its
change in the Y -position is represented very accurately
for both the X1 and X2 motors in Figs. 10 and 11, respec-
tively. The anti-resonance frequency in front of the reso-
nance (first dark line) approaches the resonance frequency
as the Y -axis moves towards the corresponding X-motor.
This behavior is represented in the simulation as well as
in the measurements.

The higher modes are slightly shifted in the simula-
tion compared to the measurement; however, their spatial
changing behavior is represented well in simulation com-
pared to the measurements.

7. Transient Motions

A reduced-order model enables transient system simu-
lations, and this is used to obtain information about the de-
viation on the encoder level as well as at the TCP. There-
fore, an example 2D trajectory was simulated and mea-
sured.

7.1. Motion Control Parametrization
A proportional cascaded loop velocity and position

controller without feed forward was used for axes control.
As aforementioned, the velocity gain was parametrized
to optimally damp the first natural frequency in corre-
sponding axis directions according to the theory presented
in [10]. The position gain of the Y -axis was adjusted, such
that the position loop damping was 1/

√
2. The X-axis po-

sition gain was set to the same value as the Y -axis position
gain to synchronize the axes correctly according to [11].

7.2. Simulation Procedure
The MORe MATLAB/Simulink R© interface was used

for the simulation. Therefore, the dynamic test bench
model was introduced into a closed loop Simulink R©

model. The controller gains were chosen identical to
those used for the measurements on the test bench. The
same reference trajectory was used as model input as for
the measurements. The model was evaluated at encoder
and TCP level. The simulation time for the trajectory last-
ing 4.5 s in reality was below 1 min.

7.3. Measurement Procedure
A Heidenhain KGM was used for the TCP-position

measurements, as well as the X1-, X2-, and Y -encoder
measurements. The sampling frequency was chosen to be
1 kHz according to the sampling frequency of the drive.
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Fig. 10. X1 motor open-loop velocity FRFs (gray shaded
magnitude) for 27 Y -axis positions between −1.3 m and
+1.3 m.
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Fig. 11. X2 motor open loop velocity FRFs (gray shaded
magnitude) for 27 Y -axis positions between −1.3 m and
+1.3 m.
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Fig. 12. Transient simulation and measurement of an exam-
ple test bench trajectory.

7.4. Results of Transient Evaluations
Figure 12 shows the results of the transient simula-

tion (a) and measurement (b) with a trajectory error scal-
ing of 50.

7.5. Conclusion
The simulation and measurement trajectory error show

a similar behavior and value at both the encoder and TCP
levels. In particular, the difference between the motion of
the motors at the encoder level and the motion at the TCP
level are well-described by the model and the simulation
results. Therefore, it is shown that transient simulations
with reduced-order models may reasonably be used for
transient machine system evaluations.
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