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Polymodal systems generally have large areas of appli-
cations to theoretical computer science including the
theory of programming, while other applications are
not yet fully explored. In this paper we consider a fam-
ily of polymodal systems with the structure of lattices
on the polymodal indices. After investigating theory
of the polymodal systems such as the completeness,
we study two applications. One is generalized possi-
bility measures in which lattice-valued measures are
proposed and relations with the ordinary possibility
and necessity measures are uncovered. Second appli-
cation is consideration of an information system as a
table such as the one in the relational database. It
is known that rough sets are used to discover regu-
larities from such information tables. Applying poly-
modal logic concept, we generalize rough sets which
are called multi-rough sets here. Our consideration
is mainly to establish theoretical frameworks in these
two application areas and hence no real examples are
shown here.

Keywords: polymodal system, generalized possibility
measure, multi-rough set

1. Introduction

Polymodal logic which is aso called multimodal logic
handles more than one sort of modality in the modal logic.
It has been known that polymodal systems [8] have wide
areas of applications due to its strong descriptive capabil-
ity. A main areaof applicationsisin theoretical computer
science where many studies have been done on theory
of programming and communications. However, appli-
cations to system science are still few and there are many
possibilities of research opportunities.

Fuzzy sets[10] and rough sets[6, 7] are now main tools
in both computational intelligence and system science. It
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is natural to consider applications of polymodal logic to
these two fields. We thus study a family of polymodal
systems in which indices to describe polymodality form
lattices, and study its theory such as the compl eteness.

We show two applications. One is a generalization of
the possibility theory [2,11], where we propose lattice-
valued possibility and necessity measures, and investigate
theoretical relations with the ordinary possibility and ne-
cessity measures.

Second application is a generalization of rough sets[6,
7]. Rough sets are used to discover regularitiesin aninfor-
mation table. It is also known that rough sets are closely
related to the modal system S5 [1] and hence theoreti-
cal results in modal logic are applicable to rough sets.
Asapolymodal system generalizes the basic monomodal
logic, a paralel generdization of rough sets should be
considered, which we propose and call multi-rough sets
whose name is after multimodal logic.

Notice aso that an information table has been stud-
ied in relational database. Hence notations in relational
database can be used in multi-rough sets. We thus study
typical multi-rough sets using the framework of relationa
database and use terms therein.

Throughout this paper, our main concern is to develop
atheory and hence no real examples are given.

It will be shown that these two applications can be put
into the same framework of indexed rough approxima
tions, and therefore can both be called multi-rough sets.

Proofs of al propositions are summarized in the ap-
pendix, as some readers may not beinterested in that tech-
nical part.

2. Indexed Rough Approximations

Let W be a set of objects and A be alattice [5] to de-
scribe structures on W. Hence W and A are two different
types of sets. The lattice has the ordering = and the two
operations of sup(a,8) andinf(a, 3).
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A family of binary relations, R(a), o € A, is consid-
ered. Each relation is used to define rough approxima-
tions. R(a) isassumed to bereflexive, but may or may not
be an equivalence relation in general. When R(a) is an
equivalence relation, the standard rough approximations
are obtained [7], whileif therelation is not necessarily an
equivalence, we have generalized rough approximations.

We assume the following.

Monotonicity assumption:
For a,3 € A suchthat o = (3,

R(a) CR(B).
Upper and lower approximations:
Givenasubset Y C W, we consider the upper approxima-
tion
Rla)Y ={weW:3dyeY, yR(a)w} R 4
and the lower approximation
Ra).Y ={weW:Vze W,wR(a)z=zcY}. (3)

where the approximations are defined for all a € A.
Itiseasily seen that
R(a).Y CY CR(a)"Y

and when R(a) is an equivalence relation, R(a)*Y and
R(a)..Y become the standard upper and lower approxi-
mation, respectively.

We have the next propositionin view of the monotonic-
ity.
Proposition 1. Assumethat Y is an arbitrarily given sub-
set of W. For a, 3 € A suchthat a > 3,

R(@)Y CR(B)'Y

and

R(a).Y D R(B).Y.
Theindexed rough approximation hasabasis on apoly-
modal system, as we will see in the next section. Since
a polymodal logic is also called a multimodal logic, and

hence we call the indexed rough approximation a multi-
rough set.

3. A Polymodal System

3.1. A Family of the Kripke Models

We use the framework of modal logic discussed in
Chellas [1], except that we consider polymodal logic [8].
Namely, modal operators are denoted by

[a]A: A isnecessary with the label o,
(a)A: A ispossible with the label a,
wherea € A.

Thus, the model is
M =<W,R(a),P>, a0 e\

in which the atomic sentences are P1,P,, ... and P is the
sequenceP =< Py, P,, ... >. B isthesubset of W in which
the atomic sentence P; is true.

When we consider truth or falsity of asentence A inW,
the symbol

MKE A

meansthat A istrue at the possible world k.
The symbol ||A]| means the subset of possible worlds
at which A istrue, i.e,

Al ={keW : Z kE=A}.

For the modal operators,
ALK E(a)A

meansthat A is possibly true at k, which is defined by
MK EA

for some k' such that kR(a)k'.
ALK E [a]A

impliesthat A is necessarily true at k, which is defined by
MK EA

for every k' such that kR(a)K'.
Thefollowing proposition relates the indexed rough ap-
proximation and the polymodal system.

Proposition 2.

M KETa]A & ke R(a)||All,
M KE (A & keR(a)||Al.

3.2. An Axiomatic System and Completeness

Let us introduce an axiomatic system and consider the
completeness between the above model and the axiomatic
system.

We assume the following axioms:

D:  [alA & —(a)-A

K:  [a)(A—B)— ([a]A — [a]B)
T [aA—>A

Pos axa = (a)A— (a")A,

in which the assumption Poscorrespondsto Eq.(1). Note
also that in addition to the above axioms, the standard
axioms of propositional logic [1] and the next inference
rules are assumed.

A A—B
The above mentioned set of objects is identified with MP: — 5
the set of possible worlds in the Kripke model. Moreover
therelations R(a') used for the approximations are identi- RN A
fied with the accessibility relationsin the Kripke model. ' [a]A
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