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The paper introduces feed-forward neural networks
where the hidden units employ orthogonal Hermite
polynomials for their activation functions. The pro-
posed neural networks have some interesting proper-
ties: (i) the basis functions are invariant under the
Fourier transform, subject only to a change of scale,
(ii) the basis functions are the eigenstates of the quan-
tum harmonic oscillator, and stem from the solution of
Schrodinger’s diffusion equation. The proposed feed-
forward neural networks belong to the general cate-
gory of nonparametric estimators and can be used for
function approximation, system modelling and image
processing.
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1. Introduction

tion as described by Satulinger’s diffusion equation [1,

2]. Attempts to enhance the connectionist neural mod-
els with quantum mechanics properties can be also found
in [3-6]. The proposed FNNs extend previous results

on neural structures compatible with quantum mechanics
postulates, given in [7, 8].

In this paper, it is considered that the input variakle
of the neural network can be described not only by crisp
values (particle equivalent) but also by the normal modes
of a wave function (wave equivalent). Since the basis
functions of the proposed FNN are the eigenstates of the
guantum harmonic oscillator, the FNN’s output will be
the weighted sung(x) = 3L, W, i, (X), where|@(x)[? is
the probability that the input of the neural network (quan-
tum particle equivalent) is found betwe&rand x + Ax.
Thus, the weightv, provides a measure of the probabil-
ity to find the input on the neural network in the region
associated with the eigenfunctigp(x).

The structure of the paper is as follows: In Section 2 an
overview of feed-forward neural networks is presented. In
Section 3, the solution and the eigenstates of the quan-
tum harmonic oscillator are summarized. In Section 4

Feed-forward neural networks (FNN) are the most pop-the expansion in Gauss-Hermite series is explained and

ular neural architectures due to their structural flexibil- the feed-forward neural networks which are based on the
ity, good representational capabilities, and availability eigenstates of the quantum harmonic oscillator are intro-
of a large number of training algorithms. The hidden duced. In Section 5 simulation results on the capabilities
units in a FNN usually have the same activation functionsof the proposed FNNs for function approximation, sys-
and are usually selected as sigmoidal functions or gaustem modelling and image processing are given. Finally,
sians. This paper presents feed-forward neural network# Section 6 concluding remarks are stated.
that use orthogonal Hermite polynomials as basis func-
tions. The proposed neural networks have some interest-
ing properties: (i) the basis functions are invariant under2. Feed-Forward Neural Networks
the Fourier transform, subject only to a change of scale
(i) the basis functions are the eigenstates of the quantum Feed-forward neural networks (FNN) serve as power-
harmonic oscillator (QHO), and stem from the solution ful computational tools, in a diversity of applications in-
of Schiodinger’s diffusion equation. The proposed neural cluding function approximation, classification and pattern
networks belong to the general category of nonparametrecognition. When equipped with procedures for learn-
ric estimators and are suitable for function approximation,ing from measurement data they can generate models of
system modelling and image processing. Two dimen-unknown systems. Feed-forward neural networks are the
sional feed-forward quantum neural networks can be alsanost popular neural architectures due to their structural
constructed by taking products of the one-dimensional baflexibility, good representational capabilities, and avail-
sis functions. ability of a large number of training algorithms.
Feed-forward neural networks that use the eigenstates The idea of function approximation with the use of
of the quantum harmonic oscillator (Hermite basis func-feed-forward neural networks (FNN) comes from gener-
tions) demonstrate the particle-wave nature of informa-alized Fourier series. It is known that any functignx)
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in a L? space can be expanded in a generalized Fourier By
series in a given orthonormal basis, i.e.

Y(x)= kickwk(x), a<x<h. I (8 B
Truncation of_the series yields in the sum PR

Su(X) = kiakwk(x). R )|

If the coefficientsa, are taken to be equal to the gen-
eralized Fourier coefficients, i.e. wheg = ¢ =
ffL,U(x) Y (x)dx, then Eq.(2) is a mean square optimal ap-
proximation ofy(x).

Unlike generalized Fourier series, in FNN the basis
functions are not necessarily orthogonal. The hidden units
in a FNN usually have the same activation functions and Fig. 1. Feed-forward Neural Network.
are often selected as sigmoidal functions or gaussians. A
typlcal feed-forward neural netWOl'k ConSiStsmmpUtS 1st Hermite basis functions 2nd Hermite basis functions
X, 1=1,2,...,n, a hidden layer ofn neurons with acti- 1 1
vation functionh: R— R and a single output unit (see N
Fig.1). The FNN's output is given by ' ““

Wi

n

L,U(X):;th(i D P ) - AW

= -05 -05

H(x)
=3
HX)
=)

The root mean square error in the approximation of
function(x) by the FNN is given by 4w 5 0 5 10 G s 0 5 10

ERMS:\/_ (W) =Pz ... (4 ' '

wherex* = [ x ... %] is the k-th input vector of the ST
neural network. The activation function is usually a sig- [ N
moidal functionh(x) = 4= while in the case of radial \[ |/
basis functions networks it is a Gaussian. Several learn- ° V o0 v
ing algorithms for neural networks have been studied. 4 .
The objective of all these algorithms is to find numeri- w0 s w0 s
cal values for the network’s weights so as to minimize

the mean square errdiy,,s of Eq.(4). The algorithms

are usually based on first and second order gradient tech- Fig. 2. Analytic diagrams of one-dimensional Hermite basis
niques. These algorithms belong to: i) batch-mode learn- functions.

ing, where to perform parameters update the outputs of a

large training set are accumulated and the mean square

error is calculated (back-propagation algorithm, Gaussscribed by Schodinger’s diffusion equation, i.e.
Newton method, Levenberg-Marquardt method, etc.), ii) ¢ R

_pattern-mode learning, in which training examples are run iﬁaw(x’ ) = ——2P(x t) +V(X)P(x,t)

in cycles and the parameters update is carried out each ot 2m 5 .

' [ - . X,

?:mfn? new datum appears (Extended Kalman Filter algo — iR Wa(t ) — Hy(xt) (5)

where h is Planck’s constantH is the Hamiltonian,
i.e. the sum of the potentid¥(x) and of the Lapla-

cian —%DZ = 22 The probability density function

3. Eigenstates of the Quantum Harmonic Os- :
. 2m ox?*
cillator |y(x,t)]2 gives the probability at time instantthe input
x of the neural network (quantum particle equivalent) to
have a value betweenandx+ Ax. The general solution
of the quantum harmonic oscillator, i.e. of Eq.(5) with

V(x) being a parabolic potential, is [1, 2]:
W (x,t) =H (e /2e @+ k—012... (6)

H(x)
o
H(x)
o

Feed-forward neural networks with Hermite basis func-
tions show the particle-wave nature of information, as de-
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